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画像をクリックすると動画にリンクします
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流れと擾乱の「運動量密度」 

dU
dt

= +∇⋅F

dA
dt

= −∇⋅F

d
dt

U + A( ) = 0
Tuesday, November 12, 13



オイラー（経度）平均 変形オイラー平均
ラグランジュ・等温位面平均

• Ferrel (1861)

• Eliassen (1952)

• Kuo (1956) 

• Stokes (1847)

• Eliassen & Palm (1960)

• Charney & Drazin (1961)

• Booker & Bretherton (1967)

• Lindzen & Holton (1968)

• Dickinson (1969)

• Matsuno (1970)

• Andrews & McIntyre (1976, 1978)

• Dunkerton (1978)

• Uryu (1979)

• Andrews (1983)

• Tung (1986)

• Johnson (1989)

 理論の形式化は必ずしも診断を単純化しない
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現行の変形オイラー平均（TEM）／
E-P フラックス診断でわかること 

• 擾乱がどの方向にどのくらい角運動量を運んでいるか
• 擾乱がどこでどのくらい流れを加速・減速しているか

Hartmann et al 2000
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現行の変形オイラー平均（TEM）／
E-P フラックス診断でわからないこと 

• 観測された平均流は、すでに擾乱によってどのくら
い加速・減速されているのか（累積効果）

• 擾乱による加速・減速のうち、どのくらいが非保存
力（混合など）によるのか（波 vs 乱流）
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∂u
∂t

= −
∂
∂y

′u ′v + n.c.

∂AL

∂t
=

∂
∂y

′u ′v +O(α 3) + n.c.

厳密

O(α 2 )

AL =
′ζ 2

2γ
, γ = β −

∂2u
∂y2

経度平均帯状流

擬運動量密度 (一般化されたEliassen-Palm定理)

∂
∂t

u + AL( ) = O(α 3) + n.c.

非加速定理 (Charney-Drazin)

O(α 2 )
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厳密な非加速定理の導出とTEMの拡張 

• オイラー（経度）平均とラグランジュ（ポテンシャル渦度コン
ター）平均のハイブリッド

• 擾乱をポテンシャル渦度コンターの変位で定量化

• 有限振幅ロスビー波とバランス渦に関する、厳密な非加速定理

• 混合効果の見積もり

• ゆっくり変動する基本場の定義

新しい診断系の特徴
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厳密な非加速定理の導出とTEMの拡張 

• ラグランジュ（絶対渦度コンター）平均
等価緯度 q = f +ζ , A(Q,t) = 2πa2

q≥Q
∫∫ cosφ dλdφ ⇒ φe(Q) = sin

−1 1− A(Q)
2πa2

⎛
⎝⎜

⎞
⎠⎟
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厳密な非加速定理の導出とTEMの拡張 

• ラグランジュ（絶対渦度コンター）平均
等価緯度

• コンターの形状に依存せず、　　　　はつねに正
• 非発散の２次元移流過程では　　　は不変
• オイラー経度平均に比べ、絶対渦度勾配の非均一性を維持

∂Q / ∂φe
Q(φe )

q = f +ζ , A(Q,t) = 2πa2
q≥Q
∫∫ cosφ dλdφ ⇒ φe(Q) = sin

−1 1− A(Q)
2πa2

⎛
⎝⎜

⎞
⎠⎟
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厳密な非加速定理の導出とTEMの拡張 

• ラグランジュ（絶対渦度コンター）平均
等価緯度 q = f +ζ , A(Q,t) = 2πa2

q≥Q
∫∫ cosφ dλdφ ⇒ φe(Q) = sin

−1 1− A(Q)
2πa2

⎛
⎝⎜

⎞
⎠⎟

画像をクリックすると動画にリンクします
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厳密な非加速定理の導出とTEMの拡張 

• ラグランジュ（絶対渦度コンター）平均
等価緯度

∂q
∂t

+ J(ψ ,q) = −∇⋅Fd

∂Q(φe,t)
∂t

= 1
a2 cosφe

∂
∂φe

Keff cosφe
∂Q
∂φe

⎛
⎝⎜

⎞
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Keff (φe,t) ≡
−a2 Fd ⋅∇q Q(φe )

∂Q / ∂φe( )2 ：有効拡散係数

q = f +ζ , A(Q,t) = 2πa2
q≥Q
∫∫ cosφ dλdφ ⇒ φe(Q) = sin

−1 1− A(Q)
2πa2

⎛
⎝⎜

⎞
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厳密な非加速定理の導出とTEMの拡張 

• ラグランジュ（絶対渦度コンター）平均
q = f +ζ , C(Q,t) = 2πa2

q≥Q
∫∫ qcosφ dλdφ ⇒ C(φe,t)ケルビン循環

Q - )Q

Q
f +ζ

∂Q(φe,t)
∂t

= 1
a2 cosφe

∂
∂φe

Keff cosφe
∂Q
∂φe

⎛
⎝⎜

⎞
⎠⎟

∂C(φe,t)
∂t

= −2πKeff cosφe
∂Q
∂φe

右辺：コンターまわりの渦度の
　　　拡散フラックス

C(Q,t)

拡散がなければ、循環は保存
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厳密な非加速定理の導出とTEMの拡張 

• オイラー（緯度）平均
q = f +ζ , C(φe,t) = 2πa2

φ≥φe
∫∫ qcosφ dλdφ = 2πacosφe(u +Ωacosφe )ケルビン循環

∂C(φe,t)
∂t

= 2πacosφe
∂u
∂t

= 2πacosφe ′v ′ζ + diff

= − 2π
cosφe

∂
∂φe

′u ′v cos2φe( ) + diff

右辺：等価緯度における渦度の移流フラックス
　　（EPフラックス発散）＋　微小拡散

EPフラックスが循環を駆動

Ke (Q)

(等価緯度）C(Q,t)

f +ζ
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厳密な非加速定理の導出とTEMの拡張 

• ハイブリッド擬角運動量密度（波の活動度）

Q - )Q

Q
f +ζ

C(Q,t)

Ke (Q)

(等価緯度）C(Q,t)

f +ζ

_

A(φe,t)acosφe ≡
1
2π

C(Q(φe,t))−C(φe,t)( )

Nakamura & Zhu 2010 JAS
Tuesday, November 12, 13



厳密な非加速定理の導出とTEMの拡張 

A(φe,t)acosφe =
1
2π

f +ζ( )
f +ζ ≥Q
∫∫ dS − f +ζ( )

φ≥φe
∫∫ dS

⎛

⎝
⎜

⎞

⎠
⎟

= 1
2π

f +ζ( )
( f +ζ ≥Q )∩(φ<φe )

∫∫ dS − f +ζ( )
( f +ζ <Q )∩(φ≥φe )

∫∫ dS
⎛

⎝
⎜

⎞

⎠
⎟ ≥ 0

• ハイブリッド擬角運動量密度（波の活動度）

A→ AL as α → 0
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厳密な非加速定理の導出とTEMの拡張 

• 有限振幅Eliassen-Palm定理

∂
∂t

A(φe,t)acosφe[ ] = 1
cosφe

∂
∂φe

′u ′v cos2φe( )− Keff cosφe
∂Q
∂φe

− diff

• 有限振幅非加速定理

∂
∂t

u + A(φe,t)( )acosφe⎡⎣ ⎤⎦ = −Keff cosφe
∂Q
∂φe

混合がなければ右辺は消える
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厳密な非加速定理の導出とTEMの拡張 

• 有限振幅Eliassen-Palm定理
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• 有限振幅非加速定理
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非加速定理を用いた診断 

• ロスビー波の伝播と砕波 (Held & Phillips 1987)

Monday, July 22, 13

A Study of Barotropic Decay with Finite Amplitude Theory

Clare S.Y. Huang (csyhuang@uchicago.edu) & Noboru Nakamura, Department of Geophysical Sciences, The University of Chicago

Motivation

To understand how mixing influences the mean flow, it is import-
ant to distinguish the effects of large-scale conservative advection
and small-scale turbulent diffusion. A barotropic decay model with
stirring in midlatitudes to represent baroclinic instability is a good
prototype to analyze the effect of mixing in the upper troposphere
induced by planetary wave breaking on the subtropical jets. Held
& Phillips [HP87] quantified the drag on the mean flow by the lin-
ear pseudomomentum spectrum and showed that the linear the-
ory breaks down for large-amplitude waves. We extend their ana-
lysis to the non-linear regime with the formalism of Nakamura &
Zhu [NZ10] and demonstrate how the pseudomomentum (finite-
amplitude wave activity) budget can be closed in terms of the ad-
vective flux and the diffusive flux.

The Barotropic Decay model

As prescribed in [HP87], the barotropic equation reads:

@⇣

@t
+ J( , ⇣) = �r4⇣, (1)

where ⇣ is the absolute vorticity, J is the Jacobian,  is the stream
function and  is the artificial hyperviscosity.

The initial conditions are prescribed as
that in their article, with zonal mean angu-
lar velocity u/ cos ✓ (solid) and the abso-
lute vorticity gradient � (dashed) as shown
here.

Denote the amplitude of vorticity disturbance by ⇣0 (⇥10

�5s�1).
Below are the snapshots for ⇣0 = 1 (row 1) and ⇣0 = 8 (row 2):
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Finite-Amplitude Wave Theory

The finite-amplitude wave activity A⇤ [NZ10] is defined by

A⇤
(µe) ⌘

1

2⇡a cos�e

ZZ

q�qe

qdS �
ZZ

µ�µe

qdS

�
, (2)

where q is the potential vorticity (PV), a is the earth’s radius, �e
is the equivalent latitude and µ = sin�. The surface integrals
are evaluated by box-counting over the gaussian grid. A compar-
ison between linear pseudomomentum A and A⇤ for different mag-
nitudes of initial vorticity disturbance ⇣0 (unit: 10

�5s�1) is shown
below. Brown regions indicate where A blows up due to the vanish-
ing meridional vorticity gradient dq/dy while the whitened regions
are where dq/dy < 0. The protrusions of A⇤ in the subtropics
and high latitude region indicate the latitudes where wave breaking
(irreversible mixing) events occur.
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The budget of Wave Activity

The evolution equation of A⇤ in this barotropic decay problem is
given by

@A⇤

@t
= �v0q0 �Ke�

cos�

a

@Q

@µ
, (3)

where v0q0 is the meridional eddy vorticity flux, Ke� is the effective
diffusivity [Nak96] and @Q

@µ gives the tracer-equivalent-latitude rela-
tionship. This describes how the change of A⇤ can be partitioned
into the advective flux, which corresponds to reversible large-scale
advection, and the diffusive flux, which corresponds to irreversible
dissipation by mixing. Integrating the equation over time and spa-
tial domains yields
Z 1

0
(A⇤

(t)�A⇤
(0)) cos�dµ = �

Z 1

0

Z t

0
Ke�

cos

2 �

a

@Q

@µ
dt0dµ,

(4)
where v0q0 vanishes upon integration over the domain by the
Taylor identity. The advective flux (left), the diffusive flux (middle)
and the comparison between both hand sides of (4) (right)
for the finite-amplitude case ⇣0 = 8 ⇥ 10

�5 are shown below.
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A(t)−A(0)

Time integrated diffusive flux

The right figure shows how the diffusive flux precisely closes the

global budget of A⇤. The discrepancy between the two curves
comes from the box-counting error in the computation of surface
integral. This error is large particularly in the case of small
amplitude waves, where the deviation of each contour from the
latitude circle is small.

A new Reference State

With Stokes’ Theorem, A⇤ can be expressed in terms of Kelvin cir-
culations along the PV contours and the corresponding equivalent
latitude circles. A new reference state, which is invariant in the ab-
sence of non-conservative forces, can be defined in terms of zonal
mean wind u and A⇤:

uREF ⌘ u+A⇤ (5)

The evolution equation of uREF is given by

@uREF
@t

= �Ke�
@Q

@y
+ � +�⌃, (6)

where � is the planetary vorticity gradient, y is the equivalent latit-
ude and �⌃ represents non-conservative forces. Below compares
u and uREF for ⇣0 = 8⇥ 10

�5s�1.
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The advective flux v0q0 drives the pulsing of u, while uREF is
smoothly modified by irreversible mixing and has a much longer
characteristic time scale.
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Conclusion

1. A⇤ is a finite-amplitude extension of the linear pseudomo-
mentum. Large A⇤ indicates the occurrence of large-scale
wave breaking events.

2. The budget of A⇤ in a barotropic decay model can be parti-
tioned in terms of reversible large-scale advection and irre-
versible small-scale turbulent dissipation.

3. uREF = u+A⇤ is unaltered by advective processes and thus
a good reference state to assess the effect of irreversible
mixing. The change in uREF potentially sheds light on under-
standing the effects of non-conservative processes of differ-
ent time scales in the atmosphere on jet shifting/sharpening.
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Motivation

To understand how mixing influences the mean flow, it is import-
ant to distinguish the effects of large-scale conservative advection
and small-scale turbulent diffusion. A barotropic decay model with
stirring in midlatitudes to represent baroclinic instability is a good
prototype to analyze the effect of mixing in the upper troposphere
induced by planetary wave breaking on the subtropical jets. Held
& Phillips [HP87] quantified the drag on the mean flow by the lin-
ear pseudomomentum spectrum and showed that the linear the-
ory breaks down for large-amplitude waves. We extend their ana-
lysis to the non-linear regime with the formalism of Nakamura &
Zhu [NZ10] and demonstrate how the pseudomomentum (finite-
amplitude wave activity) budget can be closed in terms of the ad-
vective flux and the diffusive flux.

The Barotropic Decay model

As prescribed in [HP87], the barotropic equation reads:

@⇣

@t
+ J( , ⇣) = �r4⇣, (1)

where ⇣ is the absolute vorticity, J is the Jacobian,  is the stream
function and  is the artificial hyperviscosity.

The initial conditions are prescribed as
that in their article, with zonal mean angu-
lar velocity u/ cos ✓ (solid) and the abso-
lute vorticity gradient � (dashed) as shown
here.

Denote the amplitude of vorticity disturbance by ⇣0 (⇥10

�5s�1).
Below are the snapshots for ⇣0 = 1 (row 1) and ⇣0 = 8 (row 2):
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Finite-Amplitude Wave Theory

The finite-amplitude wave activity A⇤ [NZ10] is defined by

A⇤
(µe) ⌘

1

2⇡a cos�e

ZZ

q�qe

qdS �
ZZ

µ�µe

qdS

�
, (2)

where q is the potential vorticity (PV), a is the earth’s radius, �e
is the equivalent latitude and µ = sin�. The surface integrals
are evaluated by box-counting over the gaussian grid. A compar-
ison between linear pseudomomentum A and A⇤ for different mag-
nitudes of initial vorticity disturbance ⇣0 (unit: 10

�5s�1) is shown
below. Brown regions indicate where A blows up due to the vanish-
ing meridional vorticity gradient dq/dy while the whitened regions
are where dq/dy < 0. The protrusions of A⇤ in the subtropics
and high latitude region indicate the latitudes where wave breaking
(irreversible mixing) events occur.
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The budget of Wave Activity

The evolution equation of A⇤ in this barotropic decay problem is
given by

@A⇤

@t
= �v0q0 �Ke�

cos�

a

@Q

@µ
, (3)

where v0q0 is the meridional eddy vorticity flux, Ke� is the effective
diffusivity [Nak96] and @Q

@µ gives the tracer-equivalent-latitude rela-
tionship. This describes how the change of A⇤ can be partitioned
into the advective flux, which corresponds to reversible large-scale
advection, and the diffusive flux, which corresponds to irreversible
dissipation by mixing. Integrating the equation over time and spa-
tial domains yields
Z 1

0
(A⇤

(t)�A⇤
(0)) cos�dµ = �

Z 1

0

Z t

0
Ke�

cos

2 �

a

@Q

@µ
dt0dµ,

(4)
where v0q0 vanishes upon integration over the domain by the
Taylor identity. The advective flux (left), the diffusive flux (middle)
and the comparison between both hand sides of (4) (right)
for the finite-amplitude case ⇣0 = 8 ⇥ 10

�5 are shown below.
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Time integrated diffusive flux

The right figure shows how the diffusive flux precisely closes the

global budget of A⇤. The discrepancy between the two curves
comes from the box-counting error in the computation of surface
integral. This error is large particularly in the case of small
amplitude waves, where the deviation of each contour from the
latitude circle is small.

A new Reference State

With Stokes’ Theorem, A⇤ can be expressed in terms of Kelvin cir-
culations along the PV contours and the corresponding equivalent
latitude circles. A new reference state, which is invariant in the ab-
sence of non-conservative forces, can be defined in terms of zonal
mean wind u and A⇤:

uREF ⌘ u+A⇤ (5)

The evolution equation of uREF is given by

@uREF
@t

= �Ke�
@Q

@y
+ � +�⌃, (6)

where � is the planetary vorticity gradient, y is the equivalent latit-
ude and �⌃ represents non-conservative forces. Below compares
u and uREF for ⇣0 = 8⇥ 10

�5s�1.
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The advective flux v0q0 drives the pulsing of u, while uREF is
smoothly modified by irreversible mixing and has a much longer
characteristic time scale.
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Conclusion

1. A⇤ is a finite-amplitude extension of the linear pseudomo-
mentum. Large A⇤ indicates the occurrence of large-scale
wave breaking events.

2. The budget of A⇤ in a barotropic decay model can be parti-
tioned in terms of reversible large-scale advection and irre-
versible small-scale turbulent dissipation.

3. uREF = u+A⇤ is unaltered by advective processes and thus
a good reference state to assess the effect of irreversible
mixing. The change in uREF potentially sheds light on under-
standing the effects of non-conservative processes of differ-
ent time scales in the atmosphere on jet shifting/sharpening.
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Motivation

To understand how mixing influences the mean flow, it is import-
ant to distinguish the effects of large-scale conservative advection
and small-scale turbulent diffusion. A barotropic decay model with
stirring in midlatitudes to represent baroclinic instability is a good
prototype to analyze the effect of mixing in the upper troposphere
induced by planetary wave breaking on the subtropical jets. Held
& Phillips [HP87] quantified the drag on the mean flow by the lin-
ear pseudomomentum spectrum and showed that the linear the-
ory breaks down for large-amplitude waves. We extend their ana-
lysis to the non-linear regime with the formalism of Nakamura &
Zhu [NZ10] and demonstrate how the pseudomomentum (finite-
amplitude wave activity) budget can be closed in terms of the ad-
vective flux and the diffusive flux.

The Barotropic Decay model

As prescribed in [HP87], the barotropic equation reads:

@⇣

@t
+ J( , ⇣) = �r4⇣, (1)

where ⇣ is the absolute vorticity, J is the Jacobian,  is the stream
function and  is the artificial hyperviscosity.

The initial conditions are prescribed as
that in their article, with zonal mean angu-
lar velocity u/ cos ✓ (solid) and the abso-
lute vorticity gradient � (dashed) as shown
here.

Denote the amplitude of vorticity disturbance by ⇣0 (⇥10

�5s�1).
Below are the snapshots for ⇣0 = 1 (row 1) and ⇣0 = 8 (row 2):
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Finite-Amplitude Wave Theory

The finite-amplitude wave activity A⇤ [NZ10] is defined by

A⇤
(µe) ⌘

1

2⇡a cos�e

ZZ

q�qe

qdS �
ZZ

µ�µe

qdS

�
, (2)

where q is the potential vorticity (PV), a is the earth’s radius, �e
is the equivalent latitude and µ = sin�. The surface integrals
are evaluated by box-counting over the gaussian grid. A compar-
ison between linear pseudomomentum A and A⇤ for different mag-
nitudes of initial vorticity disturbance ⇣0 (unit: 10

�5s�1) is shown
below. Brown regions indicate where A blows up due to the vanish-
ing meridional vorticity gradient dq/dy while the whitened regions
are where dq/dy < 0. The protrusions of A⇤ in the subtropics
and high latitude region indicate the latitudes where wave breaking
(irreversible mixing) events occur.
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The budget of Wave Activity

The evolution equation of A⇤ in this barotropic decay problem is
given by

@A⇤

@t
= �v0q0 �Ke�

cos�

a

@Q

@µ
, (3)

where v0q0 is the meridional eddy vorticity flux, Ke� is the effective
diffusivity [Nak96] and @Q

@µ gives the tracer-equivalent-latitude rela-
tionship. This describes how the change of A⇤ can be partitioned
into the advective flux, which corresponds to reversible large-scale
advection, and the diffusive flux, which corresponds to irreversible
dissipation by mixing. Integrating the equation over time and spa-
tial domains yields
Z 1

0
(A⇤

(t)�A⇤
(0)) cos�dµ = �

Z 1

0

Z t

0
Ke�

cos

2 �

a

@Q

@µ
dt0dµ,

(4)
where v0q0 vanishes upon integration over the domain by the
Taylor identity. The advective flux (left), the diffusive flux (middle)
and the comparison between both hand sides of (4) (right)
for the finite-amplitude case ⇣0 = 8 ⇥ 10

�5 are shown below.
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A(t)−A(0)

Time integrated diffusive flux

The right figure shows how the diffusive flux precisely closes the

global budget of A⇤. The discrepancy between the two curves
comes from the box-counting error in the computation of surface
integral. This error is large particularly in the case of small
amplitude waves, where the deviation of each contour from the
latitude circle is small.

A new Reference State

With Stokes’ Theorem, A⇤ can be expressed in terms of Kelvin cir-
culations along the PV contours and the corresponding equivalent
latitude circles. A new reference state, which is invariant in the ab-
sence of non-conservative forces, can be defined in terms of zonal
mean wind u and A⇤:

uREF ⌘ u+A⇤ (5)

The evolution equation of uREF is given by

@uREF
@t

= �Ke�
@Q

@y
+ � +�⌃, (6)

where � is the planetary vorticity gradient, y is the equivalent latit-
ude and �⌃ represents non-conservative forces. Below compares
u and uREF for ⇣0 = 8⇥ 10

�5s�1.
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The advective flux v0q0 drives the pulsing of u, while uREF is
smoothly modified by irreversible mixing and has a much longer
characteristic time scale.
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Conclusion

1. A⇤ is a finite-amplitude extension of the linear pseudomo-
mentum. Large A⇤ indicates the occurrence of large-scale
wave breaking events.

2. The budget of A⇤ in a barotropic decay model can be parti-
tioned in terms of reversible large-scale advection and irre-
versible small-scale turbulent dissipation.

3. uREF = u+A⇤ is unaltered by advective processes and thus
a good reference state to assess the effect of irreversible
mixing. The change in uREF potentially sheds light on under-
standing the effects of non-conservative processes of differ-
ent time scales in the atmosphere on jet shifting/sharpening.
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AL (y, z,t) =
′q 2

2∂q / ∂y
AQG (Y , z,t) = Lx

−1 qdS
q≥Q(Y ,z,t )
∫ − qdS

y≥Y (Q,z,t )
∫

⎛

⎝
⎜

⎞

⎠
⎟

where q 5 f0 1 by 1 =2c is PV, J is the horizontal
Jacobian, k is constant diffusion coefficient, and q is
forcing. Thus, PV is advected by a balanced flow and
diffused at small scales, subject to possible sources and
sinks. The diffusion term is important because it gives
rise to a diffusive flux of PV. Note that diffusion acts
only on relative vorticity component of q: we will thus
exclude the constant diffusive flux of planetary vorticity
2kb from the total diffusive flux of PV. This is necessary
to ensure global conservation of zonal momentum. For
the purpose of illustration we use regular diffusion, but
the subsequent theory may be generalized with little
extra effort for hyperdiffusion commonly used in nu-
merical models (appendix D). The domain is assumed
periodic in xwith a periodicity ofLx. In the y direction it
can be either periodic with a periodicity of Ly or there
can be rigid walls at y 5 0, Ly. We assume b . 0 so q
generally increases with latitude.
Instead of characterizing an eddy as a zonally varying

component of q at given latitude, we measure eddy am-
plitude by the meridional displacement of a PV contour
from the line of equivalent latitude. To do this, we first
need to associate a wavy, instantaneous PV contour
whose value is Q with an equivalent latitude Y. We can
do this by equating the area delimited by the PV contour
and that by a latitude line (Butchart andRemsberg 1986;
Allen and Nakamura 2003):

a(Q,Y0)[
ð

0#x,Lx
q$Q, y#Y0

dx dy5
ð ð

0#x,Lx
Y#y#Y0

dx dy

[a(Y,Y0). (10)

The first surface integral in (10) is the area of the domain
bounded by a PV contour q 5 Q to the ‘‘south’’ and by
a reference latitude y 5 Y0 to the ‘‘north.’’ (If the wall
boundary conditions are used, it is convenient to setY05
Ly.) Similarly, the second integral is defined between two
latitudes y5Y and y5Y0 (Fig. 1). Since ›a/›Q, 0 and
›a/›Y52Lx, 0 for a fixedY0, it follows that ›Q/›Y. 0.
Thus, (10) defines a one-to-one relationship between the
value of PV,Q, and Y at a given time. HereQ(Y, t) is the
value of PV to be found at y 5 Y if the PV field were
‘‘zonalized’’ without changing the areas demarcated by its
contours. This hypothetical zonalization is different from
taking the zonal average of the instantaneous PV field, so
in general Q 6¼ q unless q is zonally symmetric [see (18)
below]. If the right-hand side terms of (9) are zero, then
Q(Y) does not vary with time because the advecting wind
is divergence-free and thus area preserving.
Notice that the geometry of theQ contour is arbitrary so

the Q–Y relationship is defined no matter how ‘‘stirred’’
PV is. This is convenient for accommodating finite-
amplitude eddy, but certain caveats apply because (10)

forces Q(Y) to be monotonic regardless of the actual
topology of PV field. For example, all ‘‘islands’’ and
‘‘split vortices’’ are merged into a contiguous area. The
effect is even starker when q is a nonmonotonic function
of y (Fig. 2, dashed curve). Since q is zonally symmetric,
one might expect q(y) and Q(Y ) to be identical, but as
illustrated in Fig. 2, (10) eliminates the reversed gradi-
ents in Q. This can lead to conflicting conclusions about
the stability of the flow because the nonmonotonic PV
profile satisfies the necessary condition for barotropic
instability (Rayleigh 1880; Kuo 1949), whereas the mono-
tonic profile does not. This apparent conflict may be
avoided if one interprets the dashed profile in Fig. 2 as
a finite-amplitude, unstable ‘‘perturbation’’ to the stable
solid profile. Shepherd (1988, 1989) and Ishioka and
Yoden (1996) use this idea to evaluate the upper bound
for the saturation amplitude of baroclinic and barotropic
instabilities using the Lyapunov stability theorem. Thus,
Q(Y) may be considered as the eddy-free PV profile after
instability is eliminated conservatively.
Now we define finite-amplitude wave activity A(Y, t)

in terms of surface integrals of PV:

A(Y, t)5L"1
x

ðð

0#x,Lx
q$Q(Y,t),y#Y0

qdxdy"
ðð

0#x,Lx
Y#y#Y0

qdxdy

0

@

1

A

(11a)

5L"1
x

ðð

0#x,Lx
q$Q(Y ,t), y#Y

q dx dy"
ðð

0#x,Lx
q,Q(Y ,t), y$Y

q dx dy

0

@

1

A.

(11b)

FIG. 1. Schematic diagrams (x–y plane) of the area integrals in-
volved in (10) and (11). The area of the domain in the top two
diagrams is the same. The black curves indicate contours of PV.
The lower boundary of the dark gray domain is an instantaneous
PV contour, whose shape is arbitrary. The expression of (11b)
equals the integral of q over the dark gray lobes in the bottom
diagram minus the integral over the light gray lobes. The former
integral is always greater than or equal to the latter, so this ex-
pression is nonnegative (assuming PV is increasing with Y).
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second integral covers the domain north of latitude y5 Y.
Here Q is assumed to be a monotonically increasing func-
tion ofY for a given z and t. The right-hand side ofEq. (1) is
readily evaluated from data by approximating integrals
with conditional box counting.
As shown by NZ10, wave activityAQG is nonnegative

and it reduces to the familiar form q92QG/(2›qQG/›y) in
the conservative small-amplitude limit, where the over-
bar and prime denote the zonal mean and departure
from it (‘‘eddy’’), respectively. Furthermore,AQG(y, z, t)
satisfies an exact Eliassen–Palm (E–P) relation:

›AQG

›t
1 y9q9QG 5 S, (2)

where Y is replaced by y as the descriptor of latitude,
y9q9QG is the meridional eddy PV flux at y, and S repre-
sents nonconservative sources–sinks of wave activity.
Unlike the E–P relation for the Eulerian wave activity
(e.g. Killworth and McIntyre 1985), Eq. (2) does not
involve a cubic term in eddy amplitude. As discussed by
Solomon and Nakamura (2011, manuscript submitted to
J. Fluid Mech.), there is a close relationship between the
above formalism and the generalized Lagrangian mean
(GLM) of Andrews andMcIntyre (1978a) andMcIntyre
(1980), but, unlike the GLM pseudomomentum density,
AQG is readily calculable from data even for eddies with
arbitrarily large amplitudes. Moreover, Eq. (2) may be
combined with the transformed Eulerian mean (TEM)
zonal-wind u equation (Andrews et al. 1987) to yield

!
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›AQG

›t
2 S 2 X

" #

2
›2

›y›z

f0§

du0/dz

" #
, (3)

where z is pressure pseudoheight; r0(z), u0(z), and «(z)
are the density, potential temperature, and the square of
the Prandtl ratio, respectively, of the background state;
X and § represent the zonal-mean frictional forcing
and nonadiabatic heating, respectively; and f0 is the con-
stant Coriolis parameter. Together with suitable boundary
conditions, Eq. (3) represents a finite-amplitude gener-
alization to the Charney–Drazin nonacceleration theorem
(Charney andDrazin 1961;Andrews andMcIntyre 1978b):
if S5X5§5 0 and ›AQG/›t 5 0, then ›u/›t5 0.
To quantify modification to the mean flow due to

eddies, one needs to define an eddy-free reference state.
There can be an arbitrary number of such states, but
NZ10 chooses a reference state flow uREF that satisfies
the following:
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(4a)
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(4b)

Note that adding Eqs. (4a) and (4b) recovers Eq. (3) and
that uREF evolves only in response to nonconservative
processes. In fact, NZ10 shows that Eq. (4b) is equiva-
lent to

2
›

›t

›Q

›y

" #
5 2

› _Q

›y
, (5)

where Q is PV in equivalent latitude, and _Q is the
nonconservative sources–sinks ofQ. [See Eqs. (46)–(48)
of NZ10; note that the heating term is inadvertently left
out of those equations.] That uREF is invariant with time
in the absence of nonconservative processes and that it is
invertible from the instantaneous PV make it a funda-
mental choice for the reference state.
To define eddy-driven adjustment to the mean flow,

we consider the time-integrated form of Eq. (4a):
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›y2
1

1

r0

›

›z
r0«

›

›z

" #$
Du 5 2

›2AQG

›y2
, (6)

where Du [ u(t)2 uREF(t). If the dynamics is conser-
vative, then uREF is constant in time so Du is the net
‘‘adjustment’’ to u due to finite-amplitude eddies. One
can further partition Du into the direct eddy drag2AQG

and the residual impulse DuR[AQG1Du. The residual
impulse DuR satisfies

!
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›y2
1
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r0
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›z
r0«

›
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DuR 5

1

r0
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(7)

and it is associated with the torque of residual circulation.
Let r0} e2z/H, «5 f 20N

22
0 (H andN0 are constant), and

consider a Fourier mode of Du, DuR, and AQG in the
form expfi[(y/L) 1 (z/h)]g exp(z/2H). Substitution in
Eqs. (6) and (7) leads to
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second integral covers the domain north of latitude y5 Y.
Here Q is assumed to be a monotonically increasing func-
tion ofY for a given z and t. The right-hand side ofEq. (1) is
readily evaluated from data by approximating integrals
with conditional box counting.
As shown by NZ10, wave activityAQG is nonnegative

and it reduces to the familiar form q92QG/(2›qQG/›y) in
the conservative small-amplitude limit, where the over-
bar and prime denote the zonal mean and departure
from it (‘‘eddy’’), respectively. Furthermore,AQG(y, z, t)
satisfies an exact Eliassen–Palm (E–P) relation:

›AQG

›t
1 y9q9QG 5 S, (2)

where Y is replaced by y as the descriptor of latitude,
y9q9QG is the meridional eddy PV flux at y, and S repre-
sents nonconservative sources–sinks of wave activity.
Unlike the E–P relation for the Eulerian wave activity
(e.g. Killworth and McIntyre 1985), Eq. (2) does not
involve a cubic term in eddy amplitude. As discussed by
Solomon and Nakamura (2011, manuscript submitted to
J. Fluid Mech.), there is a close relationship between the
above formalism and the generalized Lagrangian mean
(GLM) of Andrews andMcIntyre (1978a) andMcIntyre
(1980), but, unlike the GLM pseudomomentum density,
AQG is readily calculable from data even for eddies with
arbitrarily large amplitudes. Moreover, Eq. (2) may be
combined with the transformed Eulerian mean (TEM)
zonal-wind u equation (Andrews et al. 1987) to yield
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, (3)

where z is pressure pseudoheight; r0(z), u0(z), and «(z)
are the density, potential temperature, and the square of
the Prandtl ratio, respectively, of the background state;
X and § represent the zonal-mean frictional forcing
and nonadiabatic heating, respectively; and f0 is the con-
stant Coriolis parameter. Together with suitable boundary
conditions, Eq. (3) represents a finite-amplitude gener-
alization to the Charney–Drazin nonacceleration theorem
(Charney andDrazin 1961;Andrews andMcIntyre 1978b):
if S5X5§5 0 and ›AQG/›t 5 0, then ›u/›t5 0.
To quantify modification to the mean flow due to

eddies, one needs to define an eddy-free reference state.
There can be an arbitrary number of such states, but
NZ10 chooses a reference state flow uREF that satisfies
the following:
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Note that adding Eqs. (4a) and (4b) recovers Eq. (3) and
that uREF evolves only in response to nonconservative
processes. In fact, NZ10 shows that Eq. (4b) is equiva-
lent to

2
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›t

›Q

›y

" #
5 2

› _Q

›y
, (5)

where Q is PV in equivalent latitude, and _Q is the
nonconservative sources–sinks ofQ. [See Eqs. (46)–(48)
of NZ10; note that the heating term is inadvertently left
out of those equations.] That uREF is invariant with time
in the absence of nonconservative processes and that it is
invertible from the instantaneous PV make it a funda-
mental choice for the reference state.
To define eddy-driven adjustment to the mean flow,

we consider the time-integrated form of Eq. (4a):
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, (6)

where Du [ u(t)2 uREF(t). If the dynamics is conser-
vative, then uREF is constant in time so Du is the net
‘‘adjustment’’ to u due to finite-amplitude eddies. One
can further partition Du into the direct eddy drag2AQG

and the residual impulse DuR[AQG1Du. The residual
impulse DuR satisfies
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and it is associated with the torque of residual circulation.
Let r0} e2z/H, «5 f 20N

22
0 (H andN0 are constant), and

consider a Fourier mode of Du, DuR, and AQG in the
form expfi[(y/L) 1 (z/h)]g exp(z/2H). Substitution in
Eqs. (6) and (7) leads to
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• 有限振幅EP定理と非加速定理

cf.  Charney-Drazin (1961)

形式は現行TEMと同一
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傾圧準地衡風力学への延長

• 非加速定理を鉛直・緯度積分
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傾圧準地衡風力学への延長

• 基準場　　   の導入

second integral covers the domain north of latitude y5 Y.
Here Q is assumed to be a monotonically increasing func-
tion ofY for a given z and t. The right-hand side ofEq. (1) is
readily evaluated from data by approximating integrals
with conditional box counting.
As shown by NZ10, wave activityAQG is nonnegative

and it reduces to the familiar form q92QG/(2›qQG/›y) in
the conservative small-amplitude limit, where the over-
bar and prime denote the zonal mean and departure
from it (‘‘eddy’’), respectively. Furthermore,AQG(y, z, t)
satisfies an exact Eliassen–Palm (E–P) relation:

›AQG

›t
1 y9q9QG 5 S, (2)

where Y is replaced by y as the descriptor of latitude,
y9q9QG is the meridional eddy PV flux at y, and S repre-
sents nonconservative sources–sinks of wave activity.
Unlike the E–P relation for the Eulerian wave activity
(e.g. Killworth and McIntyre 1985), Eq. (2) does not
involve a cubic term in eddy amplitude. As discussed by
Solomon and Nakamura (2011, manuscript submitted to
J. Fluid Mech.), there is a close relationship between the
above formalism and the generalized Lagrangian mean
(GLM) of Andrews andMcIntyre (1978a) andMcIntyre
(1980), but, unlike the GLM pseudomomentum density,
AQG is readily calculable from data even for eddies with
arbitrarily large amplitudes. Moreover, Eq. (2) may be
combined with the transformed Eulerian mean (TEM)
zonal-wind u equation (Andrews et al. 1987) to yield
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where z is pressure pseudoheight; r0(z), u0(z), and «(z)
are the density, potential temperature, and the square of
the Prandtl ratio, respectively, of the background state;
X and § represent the zonal-mean frictional forcing
and nonadiabatic heating, respectively; and f0 is the con-
stant Coriolis parameter. Together with suitable boundary
conditions, Eq. (3) represents a finite-amplitude gener-
alization to the Charney–Drazin nonacceleration theorem
(Charney andDrazin 1961;Andrews andMcIntyre 1978b):
if S5X5§5 0 and ›AQG/›t 5 0, then ›u/›t5 0.
To quantify modification to the mean flow due to

eddies, one needs to define an eddy-free reference state.
There can be an arbitrary number of such states, but
NZ10 chooses a reference state flow uREF that satisfies
the following:
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Note that adding Eqs. (4a) and (4b) recovers Eq. (3) and
that uREF evolves only in response to nonconservative
processes. In fact, NZ10 shows that Eq. (4b) is equiva-
lent to

2
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5 2

› _Q
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, (5)

where Q is PV in equivalent latitude, and _Q is the
nonconservative sources–sinks ofQ. [See Eqs. (46)–(48)
of NZ10; note that the heating term is inadvertently left
out of those equations.] That uREF is invariant with time
in the absence of nonconservative processes and that it is
invertible from the instantaneous PV make it a funda-
mental choice for the reference state.
To define eddy-driven adjustment to the mean flow,

we consider the time-integrated form of Eq. (4a):
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where Du [ u(t)2 uREF(t). If the dynamics is conser-
vative, then uREF is constant in time so Du is the net
‘‘adjustment’’ to u due to finite-amplitude eddies. One
can further partition Du into the direct eddy drag2AQG

and the residual impulse DuR[AQG1Du. The residual
impulse DuR satisfies
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and it is associated with the torque of residual circulation.
Let r0} e2z/H, «5 f 20N

22
0 (H andN0 are constant), and

consider a Fourier mode of Du, DuR, and AQG in the
form expfi[(y/L) 1 (z/h)]g exp(z/2H). Substitution in
Eqs. (6) and (7) leads to
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second integral covers the domain north of latitude y5 Y.
Here Q is assumed to be a monotonically increasing func-
tion ofY for a given z and t. The right-hand side ofEq. (1) is
readily evaluated from data by approximating integrals
with conditional box counting.
As shown by NZ10, wave activityAQG is nonnegative

and it reduces to the familiar form q92QG/(2›qQG/›y) in
the conservative small-amplitude limit, where the over-
bar and prime denote the zonal mean and departure
from it (‘‘eddy’’), respectively. Furthermore,AQG(y, z, t)
satisfies an exact Eliassen–Palm (E–P) relation:

›AQG

›t
1 y9q9QG 5 S, (2)

where Y is replaced by y as the descriptor of latitude,
y9q9QG is the meridional eddy PV flux at y, and S repre-
sents nonconservative sources–sinks of wave activity.
Unlike the E–P relation for the Eulerian wave activity
(e.g. Killworth and McIntyre 1985), Eq. (2) does not
involve a cubic term in eddy amplitude. As discussed by
Solomon and Nakamura (2011, manuscript submitted to
J. Fluid Mech.), there is a close relationship between the
above formalism and the generalized Lagrangian mean
(GLM) of Andrews andMcIntyre (1978a) andMcIntyre
(1980), but, unlike the GLM pseudomomentum density,
AQG is readily calculable from data even for eddies with
arbitrarily large amplitudes. Moreover, Eq. (2) may be
combined with the transformed Eulerian mean (TEM)
zonal-wind u equation (Andrews et al. 1987) to yield
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where z is pressure pseudoheight; r0(z), u0(z), and «(z)
are the density, potential temperature, and the square of
the Prandtl ratio, respectively, of the background state;
X and § represent the zonal-mean frictional forcing
and nonadiabatic heating, respectively; and f0 is the con-
stant Coriolis parameter. Together with suitable boundary
conditions, Eq. (3) represents a finite-amplitude gener-
alization to the Charney–Drazin nonacceleration theorem
(Charney andDrazin 1961;Andrews andMcIntyre 1978b):
if S5X5§5 0 and ›AQG/›t 5 0, then ›u/›t5 0.
To quantify modification to the mean flow due to

eddies, one needs to define an eddy-free reference state.
There can be an arbitrary number of such states, but
NZ10 chooses a reference state flow uREF that satisfies
the following:
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Note that adding Eqs. (4a) and (4b) recovers Eq. (3) and
that uREF evolves only in response to nonconservative
processes. In fact, NZ10 shows that Eq. (4b) is equiva-
lent to
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where Q is PV in equivalent latitude, and _Q is the
nonconservative sources–sinks ofQ. [See Eqs. (46)–(48)
of NZ10; note that the heating term is inadvertently left
out of those equations.] That uREF is invariant with time
in the absence of nonconservative processes and that it is
invertible from the instantaneous PV make it a funda-
mental choice for the reference state.
To define eddy-driven adjustment to the mean flow,

we consider the time-integrated form of Eq. (4a):
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where Du [ u(t)2 uREF(t). If the dynamics is conser-
vative, then uREF is constant in time so Du is the net
‘‘adjustment’’ to u due to finite-amplitude eddies. One
can further partition Du into the direct eddy drag2AQG

and the residual impulse DuR[AQG1Du. The residual
impulse DuR satisfies
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and it is associated with the torque of residual circulation.
Let r0} e2z/H, «5 f 20N

22
0 (H andN0 are constant), and

consider a Fourier mode of Du, DuR, and AQG in the
form expfi[(y/L) 1 (z/h)]g exp(z/2H). Substitution in
Eqs. (6) and (7) leads to

Duy 5 2
1

1 1 L22
R L2

Ay
QG, (8a)

DuyR 5
1

1 1 L2
RL

22
Ay

QG, (8b)

2784 JOURNAL OF THE ATMOSPHER IC SC IENCES VOLUME 68

Q:  等価緯度の関数として表されたポテンシャル渦度

uREF

uREF は非保存力に駆動され、ゆっくり変化
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傾圧準地衡風力学への延長

• 擾乱が駆動する流れ　　  Δu ≡ u − uREF
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second integral covers the domain north of latitude y5 Y.
Here Q is assumed to be a monotonically increasing func-
tion ofY for a given z and t. The right-hand side ofEq. (1) is
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where z is pressure pseudoheight; r0(z), u0(z), and «(z)
are the density, potential temperature, and the square of
the Prandtl ratio, respectively, of the background state;
X and § represent the zonal-mean frictional forcing
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stant Coriolis parameter. Together with suitable boundary
conditions, Eq. (3) represents a finite-amplitude gener-
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Note that adding Eqs. (4a) and (4b) recovers Eq. (3) and
that uREF evolves only in response to nonconservative
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of NZ10; note that the heating term is inadvertently left
out of those equations.] That uREF is invariant with time
in the absence of nonconservative processes and that it is
invertible from the instantaneous PV make it a funda-
mental choice for the reference state.
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! )!

the reference state flow uREF  introduced in the previous section as a hypothetical basic state.  The 
reference state is obtained by ‘unwrapping’ the wavy PV contours (and boundary potential 
temperature contours) while enforcing mass conservation and gradient balance.  It is the 
balanced, zonally symmetric state from which the observed wavy state could have evolved 
conservatively.  As such, the reference state is intimately connected to the observed wavy state 
since they share the identical mass-PV relationship.  Furthermore, uREF  evolves only slowly in 
response to nonconservative processes [(2b)], therefore over the timescale of eddy lifecycle it 
does not change significantly.  Thus the linear stability analysis can be conducted more 
meaningfully with uREF  than with u . 

 We will use the isentropic formalism of Nakamura and Solomon (2011) to compute the 
reference state from meteorological reanalysis data (ECMWF ERA-40, Uppala et al. 2004).  The 
first step is to establish layer mass and Kelvin’s circulation as a function of PV on each isentropic 
surface.  To this end, daily horizontal winds are first interpolated on the prescribed isentropic 
levels at each latitude-longitude grid (i,j), and vorticity ! ij  and layer thickness ! ij  are computed.  

Then PV is computed as qij = ! ij / " ij .  Next, each isentropic layer is divided into bins of PV 

between maximum and minimum values,  Qn (n = 1,2, 3,!,N ) , and layer thickness and vorticity 
are aggregated over the region in which PV is equal to or smaller than Qn : 

  M (Qn ) = ! ij
qij "Qn

# $Sj , C(Qn ) = % & ij
qij "Qn

# $Sj ,    (6ab) 

 

Figure 2 (a) Seasonal climatology of zonal-mean zonal wind u for December-February based on the daily 
ECMWF ERA-40 reanalysis for 1979-2001.  The vertical coordinate (pseudo-height) is a nonlinear 
function of potential temperature and approximately corresponds to the geometrical height in the 
stratosphere.  Contour interval is 5 ms-1 and negative values are dashed.  The gray curves indicate ± 2.5 
PVU and the region below the zonal-mean surface temperature is masked in gray.  (b) Same as (a) but for 
uREF .  (c) !u = u " uREF  with a contour interval of 2 ms-1.  Adapted from Nakamura and Solomon (2011). 

ERA-40 1979-2001 Climatology DJF
(Nakamura & Solomon 2011 JAS)
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in the steady state. Here we argue that diffusivity can be
regarded as a fundamental character of the circulation.
For small-amplitude waves, the diffusivities are functions
of the eddy displacements and are the same for different
conservative tracers (e.g., Plumb 1979). Physically, the
PV flux can be related to the parcel displacement about
a Lagrangian PV gradient. Although a general discussion
of eddy diffusivity is beyond the scope of this work, the
parcel displacements are expected to be large and com-
plex during a wave-breaking event.

6. Discussion and conclusions

In an attempt to address the different responses in the
zonalmean circulation to the narrowElNi~no–like forcing
versus the broad global warming–like forcing, a sensitiv-
ity study is carried out with regard to the width, the ver-
tical level, and the meridional gradient of the tropical
heating using a dry atmospheric dynamical model. The
results suggest that all of the previous studies can be re-
conciled within a single modeling system. With a tropical

FIG. 9. The linear trends of the ensemble-mean wave activity budget [Eq. (16)] from day 13 to day 38 in the broad
warming. (a) Eddy PV flux, (b) negative wave activity tendency, (c) total diabatic term change, (d) total dissipation
change, (e) dissipation change resulting from PV gradient change, (f) dissipation change resulting from effective dif-
fusivity change, (g) PV gradient change, and (h) effective diffusivity change. The contours in (a) are the climatological-
mean PV flux. The contours in (c) are the climatological-mean diabatic term. The contours in (d)–(f) are the
climatological-mean PV dissipation. The contour intervals in (a),(c)–(f) are 2m s21 day21. The contours in (g),(h) are
climatological-mean (1/a)(›Q/›f) (interval of 43 10211m21 s21) andKeff (interval of 4.03 105m2 s21). Note that all
panels are shown above 500 hPa.
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有限振幅波の活動度まとめ
本研究 一般化された

ラグランジュ
平均（GLM）

インパルス＝
カシミア法

保存則 ケルビン循環
ポテンシャル渦度

ケルビン循環 ケルビン＝インパルス
ポテンシャル渦度

非加速
定理 厳密（ハイブリッド） 厳密（ラグランジュ） （オイラー）O(α 2 )

利点 波と帯状流の運動量
分配、混合の定量化

TEMの自然な拡張

局所的に適用可
ロスビー波＋重力波一般性の高いコンセプト

欠点 非局所的
ロスビー波限定

データ解析困難 厳密な非加速定理の不在

基準場 PVケルビン循環
（等価緯度表示）
＋バランス

任意の準定常帯状流
＋バランス

任意の帯状流

３者は、ゲージ変換により、相互に関連している (Solomon & Nakamura 2012)
Tuesday, November 12, 13



参考文献
Nakamura, N., 1996 Two-dimensional mixing, edge formation, and permeability diagnosed in an 
          area coordinate.  J. Atmos. Sci. 53, 1524-1537.
Nakamura, N. & D. Zhu, 2010: Finite-amplitude wave activity and diffusive flux of potential 
          vorticity in eddy-mean flow interaction.  J. Atmos. Sci. 67, 2701-2716.
Nakamura, N. & A. Solomon, 2010: Finite-amplitude wave activity and mean flow adjustments in 
          the atmospheric general circulation. Part I.  Quasigeostrophic theory and analysis.  J. 
           Atmos. Sci. 67, 3967-3983.
Nakamura, N. & A. Solomon, 2011: Finite-amplitude wave activity and mean flow adjustments in 
          the atmospheric general circulation. Part II.  Analysis in the isentropic coordinate.  J.  
           Atmos. Sci. 68, 2783-2799.
Solomon, A. & N. Nakamura 2012: An exact Lagrangian-mean wave activity for finite-amplitude 
          disturbances to barotropic flow on a sphere.  J. Fluid Mech.  69-92.

Tuesday, November 12, 13


