Part IV

Convection in solid shells with solid-liquid phase change at the boundary



Solid-liquid interfaces in planetary sciences

» Convection in planetary mantles interacting with a liquid layer above

and/or below. Applies to:

> magma ocean above the mantle during its crystallisation (~ 10Ma).

> Basal magma ocean for a longer period (few Gyr, Labrosse et al,
2007).

> Icy satellites with a buried ocean below one or between two possibly
convecting ice layers.

» The inner core of terrestrial planets.

Ice crust

Rocky core

South polar region
with active jets

e

Aubert et al, 2008




Outline

Convection in solid shells with solid—liquid phase change at the boundary
Boundary conditions at a phase change interface



Conservation equations

We consider a solid that behaves like a very viscous fluid on long time-scales = Infinite Prandtl
number.

V-u=0 (1)
— Vp+ Vu+ RaTe, =0 (2)
%—tT+u.VT:v2T (3)

Usual boundary conditions:

> Imposed temperature owing to efficient mixing in adjacent domain (atmosphere, ocean, liquid
core).

» Non-penetrative: u, = 0 on a horizontal boundary.
> Free-slip: 0,u, = 0.uy = 0.
But in fact, flow in the solid = dynamic topography.



Phase change boundary conditions - 1
First developed for the inner core (Deguen, Alboussiére, Cardin, et al)
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> At the boundary: continuity of the temperature:
T(h) = Tm(h),
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» At the boundary: continuity of the temperature:
T(h) = Twm(h),

» At the fixed computation boundary, this leads to
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Phase change boundary conditions - 1
First developed for the inner core (Deguen, Alboussiére, Cardin, et al)
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» At the boundary: continuity of the temperature:
T(h) = Twm(h),
» At the fixed computation boundary, this leads to
1 0T, 0T 1 d 0Tm \ h
— | = —— |h=0(= =1+ — —.
r(3)=r+ (-5 ) = ()= (v ar 5 g

> Small topography: 6(1/2) =0




Phase change boundary condition - 2

»> Energy conservation across the boundary, with v, the freezing rate:

psLvg = [q].



Phase change boundary condition - 2

»> Energy conservation across the boundary, with v, the freezing rate:

psLvg = [q].

> Assume the convective heat flow on low-viscosity liquid side, f ~ p;cpiud T;, dominates.
Temperature variations are associated with topography so that:
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Phase change boundary condition - 2

»> Energy conservation across the boundary, with v, the freezing rate:

psLvg = [q].

> Assume the convective heat flow on low-viscosity liquid side, f ~ p;cpiud T;, dominates.
Temperature variations are associated with topography so that:

T’"L
f ~ —pPICp1U az h.
» This gives
m h
sLvg ~ — h = D
PsLiVg PiCplt 9z ’ Vg o

with 74 the phase change time scale hence defined.



Phase change boundary condition - 3

» Continuity of the vertical stress:

ow
— 2n — + Apgh = 0.
p+ 778Z+ Py



Phase change boundary condition - 3

» Continuity of the vertical stress:
ow
- 2n — + Apgh = 0.
p+2n 5=+ Apgh =0

» Taking U as scale for the convective flow in the solid, this provides a scaling for the topography,
h ~nU/Apgd or h = h'nU/Apgd.



Phase change boundary condition - 3

» Continuity of the vertical stress:
ow
—p+2n—— + Apgh=0.
p+2n 92 + Apg
» Taking U as scale for the convective flow in the solid, this provides a scaling for the topography,

h ~nU/Apgd or h = h'nU/Apgd.
» The topography evolves by phase change and viscous stress in the solid:
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Phase change boundary condition - 3

Continuity of the vertical stress:
ow
- 2n — + Apgh = 0.
p+2n 5=+ Apgh =0

Taking U as scale for the convective flow in the solid, this provides a scaling for the topography,
h~nU/Apgd or h = h'nU/Apgd.
The topography evolves by phase change and viscous stress in the solid:

oh_ .

ot "t T,
Considering 7. the time scale for the change of convective flow, using U as velocity scale, this
equation is made dimensionless, with 7, = n/Apgd:
nU K Ty OB
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Phase change boundary condition - 3

Continuity of the vertical stress:
ow
- 2n — + Apgh = 0.
p+2n 5=+ Apgh =0

Taking U as scale for the convective flow in the solid, this provides a scaling for the topography,
h~nU/Apgd or h = h'nU/Apgd.
The topography evolves by phase change and viscous stress in the solid:

oh_ .

ot "t T,
Considering 7. the time scale for the change of convective flow, using U as velocity scale, this
equation is made dimensionless, with 7, = n/Apgd:
nU K Ty OB

7]U 1 on' ’ ’ Tn 41
- = = U e s = —h
Apgd . O Uz + Apgd T4 = Te OV Uz + Te

The time scale for the change of convective flow, 7. > 7,, 74 and we can neglect the
left—hand-side. In dimensional form, u, = —h/7;. Used in the stress—continuity equation to
eliminate h.



v

Phase change boundary conditions - 4

The same can be done for the bottom boundary condition. Beware: the sign of Ap is reversed.

Dimensionless boundary condition for vertical velocity:

Apt|gH
totws 20 L0 with of =T _ TexlA0TIgH

0z T n
® — 0o = classical non-penetrative boundary condition (w = 0).
® — 0 = permeable boundary condition (w # 0).

This boundary condition expresses the competition between the building of topography from
stress in the solid and its suppression by convection in the liquid.



Outline

Convection in solid shells with solid—liquid phase change at the boundary

The cartesian geometry



Plane layer with phase—change at either or both boundaries

> Linear and weakly non—linear analysis from Labrosse et al. (2018).

> Fully non—linear results from Agrusta et al. (2019).



The translation mode of convection
0s Labrosse et al. (2018)
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Physical interpretation

» The extra weight of the topography is
balanced by the buoyancy associated with the
high temperature, i.e. assuming an infinitely
thin boundary layer:

T Aptgh* + Bpgh™,

apog
» The topography is related to the velocity by
ht = Tpx W.

» In dimensionless form:

Ra N 6Ra

v Eserre) T TR



Linear stability for deforming modes

Find the critical Rayleigh number and the associated flow for the onset of convection as function of ®*
and ¢:

» The conservation equations for mass, momentum and temperature are linearly developed around
the motionless conductive solution.

» A simple harmonic in horizontal direction:
0(z,2) = ©(2)e” ™™  cc; w(z, 2) = W(2)e” ™ 4 ce;  etc

with the wavelength A\ = 27 /k.
> For each k, we search for the Rayleigh number Ra(k) which makes R(c) = 0 (neutral stability).
» The minimum of Ra(k) gives the critical Rayleigh number Ra. and the associated wavenumber k..

> Full calculation performed using a Chebyshev-colocation method, behaviour for small ®* obtained
analytically by polynomial expansion in z and ®*.
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Convective modes at onset for o7 = ¢~ = ¢+
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» The flow lines start to cross the boundaries.

» The wavelength gets larger and the critical Rayleigh
number lower.
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Convective modes at onset for o7 = ¢~ = ¢+
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» Note the different horizontal and vertical scales here.

» The flow lines become vertical.

» The wavelength gets larger and the critical Rayleigh number lower.



Onset of convection

with o = &~

10° 4 ‘—,—*’
—”’
10 4 -
d’—
o —/’
¢ 10 e D e
= 1024
10" 4
0 ]
10 === Translation mode
10* 4
v ] mm——————————————— T T 6 0000 =0 o0 oo =0
<
100 4
4
—e Ra.= ”T”k( = %
L Small ® prediction
107 *  Fastest growing mode
1072 107! 10° 10 102 103 10*

Pt = o~ (Labrosse et al, JFM 2018)

At low ®T, Ra. gets close to but stays lower than that for pure translation.



Low ¢ development |

Polynomial expansion of mode profiles as function of z and of the coefficients as function of :
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Note: the critical Rayleigh number is lower than that for pure translation.



Low ¢ development Il
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Competition between the translation mode and the deforming modes

> Translation mode is known analytically = we can study the growth or decay of a small
perturbation over it.

» For a given ¢ = (Ra — Ra.)/Ra., with Ra. = 249, find for which wave—numbers k the
perturbation grows.
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Weakly non-linear results

» Close to onset, the solution can be expanded

as function of Ra — Ra. (Malkus & Veronis,
1958; details available on request) to get finite
amplitude weakly non-linear results.

> Heat flux varies as (leading order):

Ra — Ra.

Nu=1+ A(d*, o) =

» Classical non-penetrating boundary condition

(¢, 07 - 0): A=2.



Weakly non-linear results
Labrosse et al. (2018)
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» Decreasing ¢'i, the dimension-less heat flux
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P because of the decrease of Ra..
> because the slope dNu/ dRa increases to co
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Direct numerical simulations

Boundary condition implemented in a finite volume code: StagYY (Tackley, 2008).
» Infinite Prandtl number convection.
» Boussinesq or Anelastic.
» Multiple geometry: 2D, 3D, cartesian, spherical, cylindrical.
» Possibility of varying physical parameters.

» Can handle variations of composition using Lagrangian tracers.



Solution structure
Agrusta et al. (2019)
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Similarity with the translation mode
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» & < 1: thermal structure in each vertically moving block similar to that of the translation mode.



Heat transfer and velocity

» Dashed lines: weakly non-linear predictions to first order
» Symbols: DNS results

» Solid lines: power law fits.

(a) —— o*=01 (102Ra"?) ®*=100 (0.03 Ra"*) (b) - o*=01 (02Ra"?) ®*=100 (0.04Ra"7%)
—0f=1 (009Ra') @*=1000 (017 Ra"*) - of=1 (ORI @*=1000 (0.09 Ra"“)
—= o*=10 (0.01Ra"%) co 0F=o (021 Ra"P) — o*=10 (0.03Ra"") co F=w (0.10Ra")
10* 10t
2 3 3
Z 10 » 10%4
5 E
= >
g .
2 z
g &)
= 102 3 1024
= 2
7] (54
4 >
Z -
10! 10" 4
10! 102 103 10t 10° 106 10! 102 103 10* 10° 106

Rayleigh number, Ra Rayleigh number, Ra



Heat transfer and velocity

» Dashed lines: weakly non-linear predictions to first order
» Symbols: DNS results

» Solid lines: power law fits.

> & >> 1: classical Nu ~ Ra'/?
> &<1= Nu~ Ra/®
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Summary on the situation with two phase change BCs

Existence of a k = 0 translation mode of convection that can be solved analytically. In particular
Ra. = 12(¢" + ™)
Linear stability for k& # 0 shows that Ra. < 12(®" 4+ ®7) and k. = 3V /41/2.

k # 0 solutions at low ® composed of alternating upward and downward translating blocks quite
similar to the translation mode. In particular Nu ~ Ra/®.

Horizontal wavelength increases with the decrease of .



Convective modes at onset as function of = (¢ = o)
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Rayleigh number

Convective modes at onset as function of = (¢ = )
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Convective modes at onset as function of = (¢ = )
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» The wavelength is about twice that for classical boundary conditions
and the critical Rayleigh number about a fourth.
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Linear stability
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Ra. decreased by a factor ~ 4, k. decreased by a factor ~ 2
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Weakly non-linear results

> Decreasing %,
(Nusselt number, Nu) increases:

» because of the decrease of Ra..

> because the slope dNu/ dRa increases by a

factor ~ 2 when ¢~ — 0.

the dimension-less heat flux
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Thermal structure with one boundary with ¢ = 0.1
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Heat transfer and mean temperature - close to onset
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» Good match of the fully non—linear results (DNS) and the weakly non—linear ones for small
Ra/Ra..

» Deviation at high Ra, more rapidly for heat flow (Nusselt number) than average temperature.



Heat transfer and mean temperature - high Rayleigh number
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> At high Ra, Nu~ CRa'/3,
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> Coefficient C larger for small ® = heat flow about twice larger for a given Ra.

» Consistent with a dynamics controlled by the only active boundary layer.



Outline

Convection in solid shells with solid—liquid phase change at the boundary

Spherical shell geometry



Spherical shell geometry

Extension to spherical shell geometry performed by Adrien Morison during his PhD thesis (defended
Nov. 15th).

> An additional parameter: the aspect ratio y = R~ /R*
» Linear stability analysis.
> Application to the onset of convection during magma ocean crystallisation (Morison et al., 2019).

» Direct numerical simulations.



Linear stability analysis

» Equations are linearly developed around the conductive steady-state solution.

» Viscosity is only z-dependent
=u=VxVx(Pr)



Linear stability analysis

» Equations are linearly developed around the conductive steady-state solution.

» Viscosity is only z-dependent
=u=VxVx(Pr)
» Separation of variables:
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Linear stability analysis

» Equations are linearly developed around the conductive steady-state solution.

» Viscosity is only z-dependent
=u=VxVx(Pr)

» Separation of variables:
1

P=>"3 " PIr)Y"(0,¢)e
=1 l

m=—

» Discretization along radial direction with Chebyshev polynomials

» Harmonic degree [ plays the role of the wavenumber.
» How do Ra. and [, depend on &t and &7



Linear Stability — Method

Purely thermal and no net freezing case

-1 o Perturbation of conductive state
» Choose a degree [ (number of hot patches)
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Linear Stability — Method

Purely thermal and no net freezing case

-1 o Perturbation of conductive state
» Choose a degree [ (number of hot patches)

» Look for the neutral Rayleigh number above
which the perturbation grows
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Linear Stability — Method

Purely thermal and no net freezing case

-1 o Perturbation of conductive state
» Choose a degree [ (number of hot patches)

» Look for the neutral Rayleigh number above
which the perturbation grows

» Scan through values of [ to find the one with the

' ‘ -» minimal neutral Rayleigh number — Ra. and
' ‘ associated .

- Q.O



Linear Stability — Method

Purely thermal and no net freezing case

-1 o Perturbation of conductive state
» Choose a degree [ (number of hot patches)

» Look for the neutral Rayleigh number above
which the perturbation grows

» Scan through values of [ to find the one with the

' ‘ -» minimal neutral Rayleigh number — Ra. and
' ‘ associated I,
. 1—3 . . 14 . The conductive state is unstable if:
‘ ‘ Ra > Ra.
- »



Linear Stability — Method

Purely thermal and no net freezing case

-1 o Perturbation of conductive state
» Choose a degree [ (number of hot patches)

» Look for the neutral Rayleigh number above
which the perturbation grows

» Scan through values of [ to find the one with the

' ‘ . minimal neutral Rayleigh number — Ra. and
' ‘ associated I,
. 1—3 . ' 14 . The conductive state is unstable if:
‘ ‘ Ra > Ra.
- -

Effects of the aspect ratio (y = %) and the presence of magma oceans (®*) on Ra. and 1.7



Linear Stability — Results

¢t =10
¢~ =101
» Ra, =687 and I, =4
» Roughly square rolls

» Similar to classic non-permeable case



Linear Stability — Results

ot =10%
o~ =102
» Ra,=188 and I, =2

» Flow-through at the bottom

» Half cells
» Twice as wide

» Return current in the liquid ocean




Linear Stability — Results

ot =102
o~ =10*
» Ra,=96and . =1
» Quasi-translation mode

» Very little deformation in the solid




Linear Stability — Results

ot =102
o~ =102
» Ra,=0.11land l. =1
» Translation mode without deformation

» Only limited by phase change
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Critical Rayleigh Ra,
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Direct numerical simulations
> Using StagYY (Tackley, 2008) in the spherical annulus geometry (Hernlund and Tackley, 2008).
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Typical flows

| — ]
00 02_04 06 08 1.0
Temperature

» Ra =100
» Difference with the cartesian geometry: the translation mode is degree 1, not 0.

» Translation shows some deformation.



Oscillatory solution

Ra=+/10Ra,; &~ =o0; ®* =107%; v =0.6

> Startsasl=1.=1
» Unstable to perturbations with

1=2,3
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Media File (video/quicktime)


SupercCritical Rayleigh form 10 to 1000

O =P*=0.1

Aspect ratio fromy 0.2t0 0.8



Nusselt number Nu

Heat flux with a basal ocean

T T
10 10* 10° 106
Rayleigh number Ra

Similarly to cartesian
geometry:
» Convection controlled by
the dynamic of the only
active boundary layer

= Nu~ Ra'/3



Nusselt number Nu

10° 10! 10? 10% 10* 10° 106
Rayleigh number Ra

Heat flux with two oceans

Similarly to cartesian
geometry:
» Convection at low ® not
impeded by viscous
deformation

= Nu ~ Ra.



Outline

Convection in solid shells with solid—liquid phase change at the boundary

Onset of convection during magma ocean crystallisation



Magma ocean

> Lunar observations: the magma ocean 5000+
concept.
. <4000
» Generally thought to crystallise very fast. g
. . . . 3
» First cristallisation depends on the relative @ 30004
. . . Q
shapes of the liquidus and the isentrope. g
@ 20001
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Upward fractional crystallisation of a magma ocean

—LIQUIDVLS
— soLIpLS

—ISENTROPE AT t
—LIQUIDVS AT t

TEMPERATURE
RADIVS

IRON CONTENT TEMPERATURE

Solid depleted in Fe compared to the liquid = the liquid gets enriched with time and so does the
solid as a result.



Upward fractional crystallisation of a magma ocean

—ISENTROPE AT t

—LiQuIpvs AT t
ISENTROPE AT t+dt

—LIQUIDLS AT t+dt

—LIQUIDVLS
- soLIpLS

TEMPERATURE
RADIVS

TEMPERATURE
IRON CONTENT

» Solid depleted in Fe compared to the liquid = the liquid gets enriched with time and so does the
solid as a result.

» The liquidus temperature decreases with time.



Upward fractional crystallisation of a magma ocean

—ISENTROPE AT t
—LIQuIDVS AT t
ISENTROPE AT t+dt
—LIQUIDVS AT t-+dt
—T IN THE SOLID

—Liguipus |
— soLIpVS ‘

TEMPERATURE
RADIVS

IRON CONTENT ) ~TemERATORE
» Solid depleted in Fe compared to the liquid = the liquid gets enriched with time and so does the
solid as a result.

» The liquidus temperature decreases with time.

» The solid formed is both thermally and compositionally unstably stratified = prone to overturn
(Hess, Parmentier, Elkins-Tanton et al.)



Effect of the solid/liquid partition coefficient

A simple theoretical calculation for a constant partition coefficient.

1.0,
0.8

0.6

Initial profile D=0.85

~ Overturned profile
Initial profile D=0.99

Overturned profile

0.4

0.2,

000.00 0.05 0.10 0.15 0.20 0.25 0.30
Concentration

Thermal and compositional structure of MO and its crystallisation more complicated.



Overturn of the solid mantle after its upward crystallisation

Concentration: Temperature:



rcmb-119-kfe-085-ra-1e7d_C.mov
Media File (video/quicktime)


rcmb-119-kfe-085-ra-1e7d_T.mov
Media File (video/quicktime)


Concentration:

Composition and temperature profiles during overturn

Temperature:
t=0.00e +00 t=2.79¢—05 t=1.71le—04 t=0.00e +00 t=2. =1.71e—04
- - Overturned =4.70e—05 t =8.50e—04 - - Overturned t=4. =8.50e—04
10— 1.0 e
{
0.8 | 0.8
{ S
0.6 / 0.6 2
L
N N .7
0.4 \ 0.4 -
N .
\\\}k\ ,'l,
02 \'S 02
y
.’
/|
0.0 0.0" = =
0.08 010 012 014 0.16 0.18 0.20 0.0 0.2 0.4 1.0
Concentration

Temperature
> Well explained by simple rearengement according to density (justifying the hypoteses in

Elkins-Tanton et al’s studies).

» Temperature: extra effect of diffusion and boundary conditions.



Composition and temperature profiles after overturn

Concentration: Temperature:

t=1.77e—03 —t=T.13e—02 t=1.40e—01 t=1.77e—03 —t=7.13e—02 t=1.40e—01
t=3.63e—02 t=1.06e—01 t=1.72e—01 t=3.63e—02 t=1.06e—01 t=1.72e—01

1.0] 1.0 _—

—
0.8 0.8
0.6 0.6 ,,//
N \ N d

0.4 0.4

0.2 0.2]

0.0 0.0

0.08 0.10 0.12 0.4 0.16 018 020 0.22 0.0 0.2 0.4 0.6 0.8 1.0
Concentration Temperature

> After overturn, temperature and composition profiles show slow entrainment of the lower layer by
convection in the upper one.

» Does the overturn wait for complete crystallisation to proceed? Compute the growth—rate of the
instability.



Model of crystallization
Morison et al. (2019)
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Model of crystallization
Morison et al. (2019)

s Tp

» Well mixed SMO
» C(R") = DG
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Model of crystallization
Morison et al. (2019)
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Model of crystallization
Morison et al. (2019)
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Model of crystallization
Morison et al. (2019)
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Model of crystallization
Morison et al. (2019)
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\ 1
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\ 1
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> Well mixed SMO = i
» C(R") = DC, \ |° i
- 1
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al., 2012)
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Rr
» Well mixed SMO
» C(R") = DG
> T = Tw = f(P,0)
> co(Td — TL) Ra%/7 (King et R
al., 2012)
A-

— R™(t), T(r) and C(r) in solid

Model of crystallization
Morison et al. (2019)
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Solid is gravitationally unstable = When does convection start?



Model of crystallization
Morison et al. (2019)

T To G
Rr =i .
\ 1
1
1
X o i
> Well mixed SMO = i
» C(R*) = DG \ |° i
> T = Tsolzf(P: O) _____:"‘_ ________ S_hf(i ______________ :f"f(f
. ’
> co(Td — T) = Ra?)ﬁ (King et ? soLID SoLID
al,, 2012)
$
)
Lg/
_ _ R~ : . ;
— R*(t), T(r) and C(r) in solid T T- 0(Fo) Co ct 1(Fa)

Solid is gravitationally unstable = When does convection start?
Control parameters: emissivity € and partition coefficient D



Non-dimensionalization

Net crystallization: R*, R’, T*, T~ (model of magma ocean cooling)




Non-dimensionalization

Net crystallization: R*, R’, T*, T~ (model of magma ocean cooling)

The computational dimensionless domain has fixed boundaries:
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Conservation equations written in that frame

T = =0<T«1




Non-dimensionalization

Net crystallization: R*, R’, T*, T~ (model of magma ocean cooling)

R+(t) The computational dimensionless domain has fixed boundaries:

r— R™(¢) ~

F=1 1<rg2

T + 10) = T

- —T*(t) .

T=—>" <T<1
IO

Conservation equations written in that frame

L2
Scales for time t = 1—2, distance z = #L(t), velocity u = #i——
K

L(t)



Destabilization timescale — Linear stability analysis

Cooling model — R™(t), R*(t), T(r), C(r), Ra(t), Ra(t)
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Destabilization timescale — Linear stability analysis

Cooling model — R™(t), R*(t), T(r), C(r), Ra(t), Ra(t)

» At any given time, look for most unstable [, .
here [ =1 1201
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Destabilization timescale — Linear stability analysis

Cooling model — R™(t), R*(t), T(r), C(r), Ra(t), Ra(t)

» At any given time, look for most unstable [, .
here [ =1 1201

“
3 100

801 °

:C"“\
-
Growth rate
L]
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> Destabilization time scale 1/0 o
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Destabilization timescale — Linear stability analysis

Cooling model — R™(t), R*(t), T(r), C(r), Ra(t), Ra(t)

» At any given time, look for most unstable [, .
here =1 120 1
100
)
I
£ 50 o
E
< °
O 601
> Destabilization time scale 1/0 o
> Compared to time needed to crystallize 101
remaining MO ‘ ‘ ‘ ‘ °
1 2 3 4 5

Harmonic degree [



Time

Destabilization times for terrestrial bodies
Morison et al. (2019)

1 Gyr

1 Myr

1 kyr
1 year

1 day Earth Mars Moon

0 500 1000 1500 2000 2500 O 250 500 750 1000 1250 0 200 400 600 800 10‘00
Thickness of solid mantle (km) Thickness of solid mantle (km) Thickness of solid mantle (km)
" non-penetrative (d* =~ =) — Crystallization time

~— flow-through at top (#*+ =1072,0~ = «)
~— flow-through at top and bottom (¢* =®~ =1072)



Destabilization times for terrestrial bodies
Morison et al. (2019)
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» Convection sets in the solid before the entire crystallization
» For the Moon, plagioclase crust delays the end of crystallization



Destabilization times for terrestrial bodies
Morison et al. (2019)
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» Convection sets in the solid before the entire crystallization
» For the Moon, plagioclase crust delays the end of crystallization

» Phase change boundary leads to earlier onset and degree [ = 1



Destabilization times for terrestrial bodies
Morison et al. (2019)

1 Gyr
1 Myr
CD
£
F 1kyr
1 year
1 day Earth Mars Moon
0 500 1000 1500 2000 2500 O 250 500 750 1000 1250 0 200 400 600 800 10‘00
Thickness of solid mantle (km) Thickness of solid mantle (km) Thickness of solid mantle (km)

" non-penetrative (d* =~ =) — Crystallization time

~— flow-through at top (#*+ =1072,0~ = «)
— flow-through at top and bottom (¢+ =®~ =1072)

» Convection sets in the solid before the entire crystallization
» For the Moon, plagioclase crust delays the end of crystallization
» Phase change boundary leads to earlier onset and degree [ = 1
Important role for the long term evolution of the system!



Destabilisation time vs. crystallisation time
Morison et al. (2019)

1 Gyr

1 Myr+

Time

1 kyr+

1 year

1 day Earth j Mars

0 500 1000 1500 2000 2500 O 250 500 750
Thickness of solid mantle (km)

Moon
1000 1250 0O 200 400 600 800 1000

Thickness of solid mantle (km) Thickness of solid mantle (km)

== Composition + Temperature + Moving Frame

non-penetrative (¢+ =®~ = ) — Crystallization time
: Composition + Temperature == flow-through attop (¢* =102, 0~ =) -

Stokes time
Temperature + Moving Frame

=== flow-through at top and bottom (¢* =®~ =1072)
» Destabilisation before complete crystallisation

» Destabilisation eased by the possibility of phase change at either or, even more, both boundaries.
» = magma ocean crystallisation has to be included into mantle convection!



Outline

Convection in solid shells with solid—liquid phase change at the boundary

Dynamics of the inner core



V, km s

Depth, km
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Vs i
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core Outer core Mantle
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Radial position, km

(PREM, Dziewonski & Anderson, 1981)

Earth’s inner core

» Discovered by Inge Lehmann (1936)

> A solid iron ball (mainly) at the center of a
liquid iron shell.

= The inner core boundary (ICB) is a phase
equilibrium surface.

» Development of inner core seismology has led
to the discovery of more and more complex
structures.



Inner core

_ _Concentration (SiS,0)

F Layer
stably stratified

Fe 4+ Ni +(Si,S,0)

(fig. courtesy of R. Deguen)

Structure of the inner core

> Seismic anisotropy (Morelli et al., 1986;
Poupinet et al., 1983; Woodhouse et al.,
1986).

» East—west dichotomy, possibly with sharp
edges.

> A different innermost inner core.



Inner core

_ _Concentration (SiS,0)

F Layer
stably stratified

Fe 4+ Ni +(Si,S,0)

(fig. courtesy of R. Deguen)

Structure of the inner core

Seismic anisotropy (Morelli et al., 1986;
Poupinet et al., 1983; Woodhouse et al.,
1986).

East—west dichotomy, possibly with sharp
edges.

A different innermost inner core.

These observations call for one or more
explanations.



Temperature

/Successive Adiabatic Cooling Curves
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(Jacobs, 1953) Depth

Growth of the inner core with time

> Jacobs (1953) is the first to propose a
progressive growth of the inner core.



Core evolution and inner core growth

» Energy balance of the core = inner core growth, evolution of temperature, etc. (e.g. Labrosse

et al., 1997)
» Classically, temperature in the inner core is assumed to evolve by diffusion.
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Formation of dendrites during crystallisation

377.6

Temperature, °C
Temperature, °C

T -15.9
I
I

0 197 100
H20 Concentration in NH4Cl, wt% NH4CI

» Compositional convection in water driven by fractional
crystallisation.

» Compositional plumes emerge from inter—dendrite space
or chimneys.



Dendrites and chimneys
> Seen from the side NH,CI, pictures courtesy of R. Deguen

» Seen from above




Anisotropy acquired during crystallisation
Bergman (1997)

A
‘|K \.)Flotation axis

- = A —— -
I = Heat flow

—

» Crystal growth in a specific orientation owing to the largest heat flow in the equatorial plane.
> May also be influenced by the local flow direction, as for sea ice (Bergman et al., 2002).

> Karato (1993) proposed that crystal growth influenced by the Lorentz force.

» Application to the inner core assuming HCP crystals.

» A strong toroidal magnetic field is necessary for this scenario.



Deformation induced by the Lorentz force
Karato (1993)

Magnetic field line

» Toroidal magnetic field causes a Maxwell stress on the
inner core, computed as acting only on the surface.

= flow in the inner core and development of LPO.

> But Buffett and Bloxham (2000) suggest that the flow
should be too small to explain the observations.

> Buffett and Wenk (2001) propose the tangential Maxwell
stress as driving force to produce deformation and LPO.

(Karato, 1999)

a Gp=A(1-cos20) b Gy=A(1-cos4e)




Viscous relaxation owing to differential growth
Yoshida et al. (1996)

Dynamics of the outer core dominated by rotation

heat transfer expected to be more efficient in the equator.
Density difference between the solid and the liquid

flow in the inner core induced by the weight of topography.

v vi v

Flow in the solid can lead to lattice preferred orientation (LPO)
and anisotropy.

0.0 0.5 1.0
Normalized Radius



Thermal convection in the inner core

Jeanloz and Wenk (1988) and Weber and Machetel (1992)

7N

Fig. 1. Cross section through the inner core with streamlines
illustrating the lowest mode that is unstable to convection [after
Chandrasekhar, 1961]. Arrows schematically indicate the pat-
tern of flow and the sense of shear in the outer, equatorial
region.

» Early studies: convection driven by internal
heating, which is likely negligible.

» Secular cooling could work similarly but it
requires a very small thermal conductivity or a
fast inner core growth (see below).



Convection driven by lateral variations of Joule heating
Takehiro (2011)

Lateral variations of the Joule heating = baroclinic flow.

> Y2 Toroidal field and current.
> Joule heating.
» Fluid flow.




Summary of the different scenarios

Texture can be acquired:

» Because of the crystallisation process.

» Because of a large scale flow:
> owing to an external forcing (topography, Maxwell stress)
> or convection.

> Convection from lateral variations of Joule heating happens without threshold on the Rayleigh
number.

» Convection of the Rayleigh—Bénard style needs an unstable stratification.

» Whatever the mechanism, it is influenced by the base stratification and the boundary conditions.

» The stratification depends on the growth history of the inner core.



Thermal stratification
» The basic conductive state is influenced by the moving boundary at a Peclet number
Pe = UicTic/K.

Fast inner core growth,

low thermal conductivity, Slow inner core growth,

large dT, /AT o large tlzjvrr;r;j C/c()ir;jazcnwty,

(Deguen & Cardin2011) Tie (Deguen & Cardin, 2011) e



Approximate criterion for instability |
Deguen and Cardin (2011)

» Diffusion with a moving boundary

T
‘987 — WVET and T(rie(t)) = Ton(rie(t))
» Potentially unstable if
or|_ (o,
or or
» Equation written for the super—isentropic temperature, 0 = T — T,:
86 2 2 aTa
v _ 0 T, —
ot kV?0 + kV En
———

effective heating, S(t)

> Effective heating can be approximated by

/ 2
_pgy OTm ldri
St =T T l(an 1) 3t oF




T A

Approximate criterion for instability Il
Deguen and Cardin (2011)

» Diffusion profile can become unstable if S(t) > 0:

dri S 6k

dt = 9Twm 7
oT,

dr?

> Assume rc(t) o< Vi = at
radius of the inner core and ;. its age. Then, thermal stratification

is unstable if
T e
Tic < Tr (%TT: — 1) with 7, = r:

= r}./Tic, with 77, the present day

» Dimensionless control parameter:

22 (0T -
Tie = K <8Ta 1>
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Quantitative assessment
Deguen and Cardin (2011)

Calculations done using a full
thermal evolution model.

Competition between growth speed
of the inner core and diffusion.

For a constant CMB heat flow, the
inner core is most likely to convect
early in its history.

Current estimates of core
conductivity (Gomi et al., 2013;
Koker et al., 2012; Pozzo et al.,
2012, e.g.), k> 90W/m/K:
thermal convection unlikely.



Convection with a non—penetrative boundary condition |
Deguen and Cardin (2011)

» Young inner core, small conductivity = ongoing convection.

an=11Gy,.n=108¥Pas, k=38 Wm1 K™

Potential temperature ¢

@Ot

Azimuthal vorticity wy,




Convection with a non—penetrative boundary condition Il
Deguen and Cardin (2011)

» Older inner core, small conductivity = convection during a part of the history. Could that be an
explanation for the innermost inner core?

b.5.=145Gy ,n=10"Pas, k =36 Wm—LKL

DHP0®®

Azimuthal vorticity w,,




Convection with a phase change boundary condition
Alboussiére et al. (2010) and Deguen et al. (2013)

» The phase change BC first introduced

) Our _
—P(uT—nC)—ZW—I—p—O

with P the phase change number.

0¥

10° s L |
Unstabl £ » Degree 1 convection at onset.
nstable &
10° 4 & L » Low values of P give the translation mode of convection.
e 2 Wo
107 % !
If‘, =2 B
102 4 3
10! 4 Stable L
VS A

T T T T T T
102 107" 100 100 102 10 10*  10°
P
> See also Mizzon and Monnereau (2013).



Regime diagram

Deguen et al. (2013)

P=1

30

P =102

P=10°

Rate of phase change, . (i)

» Depending on the value of P:
> translation

» plume convection

» Thermal convection still requires unstable
stratification.
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Compositional stratification
Gubbins et al. (2013) and Labrosse (2014)

Concentration of light element X in the solid and the liquid related
by C% = PX¥Cx

> Py < 1= C% increases with time.
> Partition coefficient obtained from the temperature- and
composition-dependent equilibrium condition

o + A C + kg TIn(C) = pi + X C° 4 kg T In(C*).

Decrease of liquidus = decrease of Py (Gubbins et al., 2013).

Resulting evolution of mass fractions and corresponding partition
coefficient shown on the figure.

> Leading order development (dotted lines):
08k
€0

» O potentially destabilising, S starts destabilising and ends
stabilising.

2 3
= 7BXT]C + AXT]C.




1000

Radius, km
(9]
o
o
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Contributions to buoyancy: | Contributions to buoyancy:
Temperature Temperature
Sulfur —— Silicon
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d(dp/picg)/dr, %o/(10%km)

Resulting total buoyancy
Labrosse (2014)

» Two compositional models
considered (Gubbins et al., 2013):
O and S or O and Si.

» Buoyancy computed as

M:—Q[T(r)—

pPICB
+ ) B [&(r) — &y]

> Suggests a stable stratification. Double—diffusive convection is still possible (see below).



Effect of stable stratification on Yoshida’'s scenario
Tectonic history of the Earth's inner core preserved in its seismic structure (2009)
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> Stream function (a), Strain

o rate (b) and composition (c)
008 = » Increasing stability of the

| £ stratification (buoyancy

0.04 =

number) leads to deformation
0 restricted to a thinner outer
shell.




Double—diffusive translation of the inner core
Deguen et al. (2018)

Le = HT/H',C > 1. Stabilizing ©, destabilizing x ‘ Destabilizing © and y E
. . . 10?
A vertically displaced fluid parcel - PPl !
equilibrates thermally faster than = A& o8 |E
. < 41,7 &~
compositionally. § 4 S
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» Lines: approximate analytic translation velocity. Symbols: results from numerical models.

» Slow double—diffusive translation is possible even for a strongly stabilising temperature profile.




Destabilising composition and temperature fields
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Double—diffusive translation of the inner core
Deguen et al. (2018)
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Effect of the phase change number
Deguen et al. (2018)
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» Translation breaks down at large P



Regime diagram
Deguen et al. (2018)
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Summary on the dynamics of the inner core
Lasbleis and Deguen (2015)

Many possible scenarios for deformation of the inner core.

Depending on the inner core age, temperature profile can be stably
stratified or lead to convection.

For stably stratified density distribution, double—diffusive
convection still possible if the compositional stratification is
unstable.

Other scenarios must work against any stable stratification.

No scenario seems able to explain all observations, in particular the
large seismic anisotropy.
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Conclusions

» Convection in solid shells of planets is a rich phenomenon with many
complexities and many aspects yet to be understood.

> Key example: plate tectonics on Earth and not on other planets.

> Some aspects not covered in this lecture:
» Two—phase flow. Key to understand volcanism and also the mushy
regions at the interface with liquid layers (outer core, magma oceans).
> History—dependent rheology: damage, anisotropic, grain-size
dependent. Probably important for plate tectonics.
> Effect of volatiles (H, C) and global cycles with the hydrosphere.
Effect on rheology is expected.
» Boundary conditions are critical (e.g. Ishiwatari et al., 1994; Takehiro
et al., 2002)! The phase change boundary condition considerably
changes the dynamics and heat transfer.

» Many implications for the Early Earth but also icy satellites.
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