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a) Lower troposphere and surface
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Antarctic temp. change
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g30400003000b0b0oobooboboobobooboboobobooobonog
gobobbobooodgbbboogbbbooobbbuooobbooogbbboooobo
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gbooboooobooboo3obogsbgobooboobboobuoobboobog
gboobooi2oddboogbboodgbbogbbooobooobboobbuoanon
gbbogdgbobbuoobbooobobbuooobbbuooobbuooobbboooobn
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g4b0oougooooooooobobbbobobbbbooboddoooooooooon
gboboboboobooboobobboboobosbooboobobobobooobog
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gobbbooobbboooobobbbooobobbbuoooobbbao1s000b0
gbobboobobbduoobbbooobbooobobobooobbooobbboogobn
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goddobobobbbbboooooooooooobobooogs
X (n) =an+b+€(n). (2.1)

000 X(n),a,be(n) DOO0O0O0O0 nO00D00O0ODOODODOOOOOOOOO0O0O0O0 nO
000000000000 bdde,b000D00O0OO0DOOO d,EDDDDDX(n)DDDDD
00 X(n)OO
X(n)=an+b (2.2)
goooooooo
e(n) = X(n) — X(n) (2.3)
oogd

Oo0o000000,d,00000000000000000000000000 e 000oQod
obodg

N N+1
d=a—-a=S, Y (n — ;—) e(n). (2.4)
n=1
goo (DDDB.Z.lDDDDDD)DDDD
N 1 2 1
Spn = Z <n— — Zn) =—N(N+1)(N-1) (2.5)
n=1 Nn*l 12
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gbbboodgbbboooobbbuooobbbuoodooobboooobboooobo
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0000000000000 ¢1),---,¢N)ODD0DD0DD0D000000000000000000
0000000000000000 ¢ 0000000000000000000000000
0000000000000000000d,d?e®e* 00000000 (000 B.22000
0oo0);

E(d) = 0, 2

E(a?) = S,lo?,

E(a®) = 0, (2.8)
2 _

E(a") = S;faf{§N<N3ivl)(]\Z_1)ﬂ25+3}. (2.9)

000 o.,3.00000¢n) 00000000000000000« 000000000 00
0000 0, 00000 Boy 0000DO

O = \/E ({a = E(a)}’) = \/N(N - ﬁ(N o~ V12N~ 30, (2.10)
E ({a' - E(a)}") 3 3N2-7 0
Prar = = _3:5NMHJXN—UQEQ3N Bae (2.11)

gogoooooooooooooobooobbbbbbbbbooooooooooogaa
000000000000 0000000O0O00000000o0o0oooooD =3/2000
00000000000 NOOOO Tiao et al. (1990) O Weatherhead et al. (1998) OO0 O
ggdddoouoooooboobobobbbobbbbbbbooooooooooooua
ggogdbboboobobbbbbbbbddddodoodou -1 oboboobboo
ggodooboobobboooooououbobbbbbbbuoooooooa

02100000000000000 0,000 By 00000 NODOODODOOODOOO
0000000000, =1000 (210000 fe=6000 (211)00000000000N
000000000000000000000000000000000000000000
0000000000000000000

O000000000000000000000000000000 (Monte Carlo simulation;
MCS) DOOOOOOODODODDODODODOO GSL (Galassietal.) 0000000000 0OOO
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gboobobboobbobooboobuoobuoobuooboobuoo1bedboonbOg
goog

0000 RANLUX380OOOOOOOOOOO0OO0OOO (Liischer, 1994; James, 1994)0 O
Oo0o0ooooooooi"oo0o000000ooooo0oonooooo 100000
00 We(1,1)) 0000000 NOODOOOOOODODODODOOOOOOOODOOO 1,000,000 O
O000000000000000000000000000000O0We(1,1)000000
000000000 1060000MCSO00O00O0OOOOOOOODODOOOO (0 21)00
gboboboooobboooobobboogan

O000000000000000000enr) 0000000000000 00000000
O0000oDoooD0 JOD00O0000D00O000DO0OO000DOOO00O00OooooooDO
gbobbooodgbobbbuoogobbod
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goodboobooboboboooobooboobobooboboboboogooooobooBboOoo
O0000000000000000000000000 (probability density function; PDF)
O000000O00bOOo0bOOODbO00ObO00bO00DO0o0obOoOobOO0bO0obODOOoooDOoO
O00000000000ooO00oo00ooooooooooooooooooooOooon

23.1 UUObOooooooobood

00000000 ¢ OPDFO f,(2) 0000 fu(z) 00000 ¢(w) 0000000000
000000000 PDFOOO0000000C0CO ¢e(w) O

o) = [ expliwa) fule)ds

— 00

= F (exp(iwa'))

- FE (exp {in;T} f: (n - N; 1) 6(”)})
= ﬂ E (exp {innnl (n — N;—l) 6(”)})
— T v (S;nl (n - N; 1> w) (2.12)

0000000 ¢ (w)0 e(n) 000000000000

0000000 en) 000 00000 ¢. 0000000 N(ue,02) 00000000, =

Sl (n=22)0000008,! (n— ) e(n) 00000 N (anpe,020?) 00000

N
1
Yo(w) = J]exp (z’wanue - 2w2aiaf)

n=1

N 1 N
= exp (z‘ugw Z Oy — iwzaf Z ai)

n=1 n=1

1
= exp (—2wQS;nlae2> (2.13)

000000000 ¢ 000000000 ,/S:20000000 N (0,502 000000

000000000000000O0000000 (210)000000000000000O PDF
gobboooboogoobbbooogobood

0220000000000000000O0OOOMCS (DODOOOO 10,000,0000)0000
gbobobobobouoboooboobob pDFODODLDODODODODOOODODO
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(a) 10 years (b) (c) 50 years
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1 o Ny

trend [og/year] trend [og/year] trend [os/year]

022 00000000000000D0O00D00O0D0OO0ODbObObOObD PDFOODOODO
gbubgbuoboboobogbuogbbobbobbooboobooboobobobob
gobbogobbooobobbuooobbboobbboooobbooobobbooobo
gooobog

oooooooooogooooMcstooboooooooooboooooboooooboooo
gboooobooobg

232 0U0OoOo0

000000000000000000000 ¢ 0000000 6, 000000000 4,
ooo;

/ !/
,  a a

a. = = )
1
Oa Slo.

' (2.14)
O00000000000000000000 (A22000)00000, 0000000 (cu-
mulative distribuion function; CDF) F,,(z) 0000 0000000000F,(x) 000000
gobbooggn

Fi () = () + 3 Quaola) N, (2.15)
Qam-1(z) = 0,
3 K4 3 5
Qa(z) = _E;%H3<$):—Eﬁ26($ — 3x), (2.16)
Qa(z) = ’ ™ Hs(x) ) " Hy () (2.17)
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0.5

0.4 -

0.3 -

0.2 -

0.1

0 230 N =10,k/r2 = 6,r¢/k3 =125 0000 (000)(=20 (000)l=40000
0000000000@MO0)00000 (000)!(=200000(000)1=40000
00000 ¢, O PDFO

0000 (000 B23000000)0000 Hy(z) D kO0O0O000000000k, O €e(n)
0 k0000000000mO000000000Q(x)020-10000000000000
0e(r)00001+2000000000000000CDFO00OOOO0O000OG, O PDF
f«(zx)00DO00D0O0OOO0;

fu,(2) = d(x) + 3 Ri(2)d(z) N, (2.18)
=1
R2m71<x> = 07
Ro(z) = ;2H4(x):i)ﬁ26(x4—6x2+3), (2.19)
3 9 2
Ru(z) = 560:§H6(35)+3200:§H8($). (2.20)

0230 PODFODOO [=24000000 (000000000 PDFOOOOODOIDOO
goooooooooooobogoooooooooooooooboooooobooobooloo
gboboboooobbbuooguoooboboooobbbooon

gbbbooobbuooobbbuooobbbooobbooobbobuooobbooobn
000000 H)YOOOO(ef. 00D0DD)D0D0D0ODO0O0OOO0 N-Y200000000
oobooobooo/ooobooobooooboooooooooobooobooboobooooboO 2
gbobbogobbuoodgbbbuoogbobooobbooobobobooobboooobon
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21

20 years

(c) 50 years
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024: 00000 We(1,1)00000000000DO0OCODO 400000000 PDF (OO
0)000000000000000000000000O00000O00O0O000000 PDF
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gbobboooobbodood

0000000000000000000/0000000000000000000000
000000000000000000/000000000001(+20000000000
000000000000000000000000000000000000000000
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mean and stddev skewness kurtosis
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A.1.1 0000 (Normal distribution)
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O (bell curve) 000000000 p00000 o 000000 N(g,0%) 0000N (g,02)
0000000 (PDF), f(z), 000000000 (CDF), F(z), 00000

fa) = ;m;mp<—;(xgﬂ>j, (A1)
Flz) — ;{1+ exf ( e )} (A2)

00D (0O0B.L1OO0ODO0D)0000 erf(z) 00000 (error function)
ert() = == / exp (—t7) dt (A.3)

oooocCcbrO0oooonDPpPDFOODOOOOD OOOOOD 1DOO0OOODODODOO
(standard normal distribuion) 00000000000 PDFOOO CDFOOOOO ¢(x), ®(x)
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0000 (characteristic function) ! (w)0 00000000000 (moment generating func-
tion) 2 M(+) 00D 0O

Y(w) = exp <i,uw—;02w2>, (A.9)

M(t) = exp <Mt+;a2t2) (A.10)
godd
0000000000000 000 0000 (DObboooo40000000 3)0

guodoooouoooooooooobobobobbbobboobbobooooooooogoa
gdddddooooooooobobooobobbbbbbbbboooooooooogo
000000000000 (central limit theorem) 0O 0000

A.1.2 DOODOODODO (Lognormal distribution)

gboobboobobobobobobobobooooooooobbobobob PDFOO
OCbrFrOOOOO

B 1 _(logyc—]\J)2
fa) = = exp( (logz MY (A1)
1 logx — M
000000 w000 ¢?000 g000 300000
i = exp <M+ ;SQ) : (A.13)
lDoooo .
P(w) 2[ exp(iwz) f(z)dx (A.6)

obooooooooo pDFOOODOOOOODOOO
DooDo00O0000

M(t):/ exp(tx) f(x)dx (A.7)
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Oo00oo00On0000000O0t=0000000 £2"0O0000 E(:L‘")DDDDDD

dn .
EM@®)| = B (A.8)
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0. -
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OAL S=1,M=000000000000 PDFO
o’ {exp (SQ> — 1} exp (32 + QM) , (A.14)
B = {2+exp(8?)}Jexp(S2) -1, (A.15)
Bo exp (452) + 2exp (352) + 3exp (252) -6 (A.16)
gugoooobooobbbbbooooooouoooboboboobbbon
m, = exp (M—SQ>, (A.17)
m = exp(M) (A.18)

O000S=1,M=000000000 (Gibrat’s distribution) 0 00000
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A.1.3 00000 (Gamma distribution)
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x Lexp (—%)

@) = g
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pleate gamma function) * 0000
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Y(w) = (1 —iwh)™@ (A.25)
M(t) = (1—-60t)~“ (A.26)

gobbooogboboboooobobod

pw o= ab, (A.27)
o’ = ab? (A.28)
2
pu— —_— A-2
61 \/av ( 9)
6
= — A.
b= (A:30)
gobbbddd e>1000
me = (e —1)0 (A.31)
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a=10000000 (Exponential distribution) O a =v/2,6 =1/2000000 vO x*0
gobooo
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sDooooao -
I'(x) :/ t* L exp(—t)dt (A.21)
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gooooo
Nz)=(x—1T'(z—-1) (A.22)
gdogdboouoou «0b0O000od
I'(n)=(n-1)! (A.23)
000000 0(1/2)=/a0000
‘iJooooOoOooo .
[(a,z) = / t2 1 exp(—t)dt (A.24)
0
goooooo
00000 PDFOOO CDFO
fl@) = Xexp(—Ax), (A.32)
F(z) = 1—exp(—Xx) (A.33)
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000000000 (e.g. Wilks and Eggleston, 1992) 00 0000000000000 OOO
goo

A.l.4 000000 (Weibull distribution)

0000000000000000000000000000Weibull (1951) 0000000
000000000000000000000000000000000000000000
00000000000000000000000000000000000 a(e>0000
00000 b(b>0)00000000 We(a,b) 00000 We(a,b) 0 PDFOOO CDF O

flz) = (fbxbl exp (- (z>b> , (A.34)
F(z) = 1—exp (- <z)b> (A.35)
000 (000B12000000)00000000000000000
= al(1+0b7Y), (A.36)
o = a?{P(1+2v"") —T*(1+b7")}, (A.37)
5 - 23(14+b671) = 3T(1+ 0 H)I'(1+ 2071 + (1 + 3b—1)7 (A.38)

(D(1+2b-1) — T2(1 + b-1))/?
—64(1 4 b71) 4+ 120%(1 + b~ (1 + 2b~) — 302(1 4 2b71)
(T +2b-1) = T2(1 + b1}
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0A3:00000000100000000000000.6,1,2,3.6,500000000 PDF(O
0)0O0OO We(1,36) 00 0000000000000 0OOOOOPDFOOOOOOO

—AT(1+b")0(1 4 3b71) + (1 + 4b71)

, (A.39)
{(D(1+2071) —T2(1+b1)}
0000000000000000
me = a(l=b7")"  (b>1), (A.40)
m = a(log2)? ~ 0.8326a (A.41)

gooo
b=36000000000000,=10000000000O

O00000000000000000000 (e.g. Conradsen et al., 1984; Pavia and O’Brien,
1986)0

A.1.5 0OO0OOQO (Extreme value distribution)

ggoooooooooooooobbbbbbbbbbbboboobooooooooaa
O0000000000000000000000000000 (Gumbel distribution)d 0 00O O
0000000000 (Fisher-Tippett distribution) 0000000 0O (log-Weibull distribution)
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1 _ _
flz) = 5 &P (— exp (—x b a) _Z b a) ; (A.42)
F(z) = exp (— exp (_xga)> (A.43)
000 (000 B13000000) 0000000000 OOOOOOOOOO
Y(w) = T(1—ibw)exp(—iaw), (A.44)
M(t) = T'(1—bt)exp(at) A.45)
gudooobooobbbbbuooodoad
W o= a+by, (A.46)
2
o = Eb2, (A.47)
12/6¢(3
B = \/g( ) ~ 1130547, (A.48)
12
= 2 (4.49)

0000000~0000000000000 (Euler-Mascheroni constant) 0¢(3) 00000
00 (Apéry’'s constant) " 0000000000000 0O0OO

me

m

gooo

a, (A.53)
a — blog(log 2) (A.54)

O000000000000000000000 (e.g. Simiu and Heckert, 1996)0

‘000000O000OoOoon

Oo0o0O000~~0.57721566 0O 00O
‘DoooDooo

0000000 ¢(z) 00000000000 (Riemann zeta function)

v = lim ( % — log n) (A.50)
¢(3) = 1.2020569 . .. (A.51)

1 -1
= A.52
F(x)/o exp(u) — 1du (A.52)

¢(x)
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0O A4 a=0,=1000000000 PDFO

A.1.6 DDOOOO (Beta distribution)

D000000<2<100000002000000000a,(a>0)000 6,(8>0)0
000000 Be(o, 3) 0000 Be(e, 3) 0 PDFOODO CDFO 0000

(1 _ x)ﬁflxafl

flx) = Blod) (A.55)
B(x;a, )
Flo) = 5o (A.56)

0000000 B(a,) 00000 O0%M B(z;a,b) 000000000 0000000000
gobbbooodn

no= af_ﬁ, (A.59)
o
”  @r A AT (460

206 —a)ya+8+1

A.61
g VaBla+B+2) (A-61)
sSoooooo
! a—1 b—1 I'(a)l'(b)
B(a,b) = /0 w1 —w)’ du = T(ath) (A.57)
oood

‘000000000 N

B(z;a,b) = /0 w1 —u)’ldu (A.58)

0b0b00z=1000000000000
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0 A5: (a,3) = (0.2,0.25),(0.25,2),(1,1),(2,4)0 000000000 PDFO

6{a’ —a?(268 1)+ F*(B+1) —2a5(3 +2)}

A.62
P2 af(a+ B+ 2)(a+ B +3) (A.62)
00000000 a>1,6>1000
a—1
A.63
a+b—2 ( )

gooo

a=1,4=10000000 (Uniform distribution) 0000 X,Y 000000000000
00 mnO0X2000000000000000000 X/(X+Y)0O Be(m/2,n/2) 0000

gboboboooobbbuoodobbboooobbbuooobbbod

A.1.7 X?*00 (Chi-squared distribution)

00000000000000000000000000 vO0OO0000O00000000
00000000000 v0200 (000000)0000x%(v) 0000x2(»)0000
0<z0000PDFOOO CDFO

01 = g () ol(5)

F(z) = (55) (A.65)
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20

0 A6 0000 1,2,5,10,20 0 2000 PDFO

000 (000B15,000000)00000O0O0OOOOOOOOOOOO

gbobbooodgbbbuoooobbboo

= v, (A.68)
o? = 2, (A.69)

2

v

12
P = — (A.71)
gooooooooobbbbon
me = v—2 (m >2), (A.72)
2

m o~ v-g (m>1) (A.73)

gogd

v=200000000000v00000000000000000
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A.1.8 ¢-00 (t-distribution)

XO00O0U0O0OOOO0ZO0O0OO0OO0 vOX?000000X0Z000000000000 ¢

X
Z/v

t=

(A.74)

0000000 v0O +0000000000000 00 (Student’s ¢-distribution) 0 00 O
t(v) 000D0¢(v) O PDF O

v4+1

1 2\ 2
ne— 1t (145 AT
fi ﬁB(éa§)< ) (A7)
oo @H]DBJﬁD[“]DDD)DD[M]DD v 0ooogoogogo
Yi(w) = exp(—|w|), (A.76)
Ua(w) = V20K (V2|w]), (A.TT)
Us(w) = exp(—V3|w|)(1+ V3[w]), (A.78)
Uy(w) = 2w Ks(2|w|), (A.79)
Vs(w) = ;exp(—\/g|w|)(3+3\/g\w\+5w2) (A.80)

0000000 K,(x) DO 2000000000 (modified Bessel function of the second kind)
YOooooooooOoOoOoooooooood

= 0, (A.82)
2 14
= A 83
o’ = = (A.83)
B = 0, (A.84)
6
= A 85
b= (A.85)
O00oo0oooooooooonoogo
00000000 0O0ooooooooooo
g opoOoOOOOOOOO
_D(n+3) @)™ > cost
Kn(x) = v /0 @1yt (A.81)

good
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O A7 0000 1,2,5,10,200¢+000 PODFOOOODOOOOOOO PDFOOODOOOO

A.1.9 FOO (F distribution)

20000 X,YOOOOUoOooOo mne0dx*000000000000000000O000OO
gboooo F

X/m
- A.
Y/n (A.86)
0000000 mneO FOOOOOOF(m,n) 0000 F(m,n)0 PDFO
mm/an/Z xm/Q—l
_ A.87
000 (D00 B.1.6000OO0O0O)O
goodoooooobbobbon
n
_ A.
1 5 (A.88)
2n*(m+n — 2)
2 = A.89
7 m(n — 2)2(n — 4)’ (4.89)
22m +n —2) 2(n —4)
= A.
b n—6 \lm(m—i—n—2)7 (A.90)

12{(n—2)*(n—4) + m(m+n — 2)(5n — 22)}
b = m(n—6)(n —8)(m +n —2) (A.91)

goodoooo m>2000
n(m — 2)

T3 (A.92)
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0.5

F(10,10)

0 A8 0000 (1,10),(10,1),(10,10) 0 FO OO PDFO

gooo

A2 JO00OOOooog

gboogboboobbobboobuodgboobboobboboboobuoobooboobbon

A21 OJ0O0O0OOOOODDOOO

gboobobooboobboboboboobooboobooboo1bobb 2000000
gobobobbooogbboboooobobuoooobbbuooobbboo3guoobn
gboobbgoobgooboobobobooboob4000b0b0b0ObDbOObLOO0ObO0ODO
gboob40000000Db0O03b00bboOoboOong

000000 w000 ¢*000 4000 300000

p = k1= FE(X), (A.93)
0’ = Kky=F ((X - ,LL)Q) : (A.94)

B = /;%:E«X_“)S), (A.95)
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= ((55))-

(A.96)

0000000 E(x)02z00000k,0n000000000% 00000000 mO00OO

00 00000 mzO0 0000 myOOO0OO

1 N
m = N;Xn,
F = g X m)
N NoX, —m\?
s = (N—1)(N—2)nzl( s )
B N(N +1) Yo Xn—m\' 3N -1)
= (N—l)(N—Q)(N—3);< s ) (N

—2)(N —3)

(A.98)

(A.99)

(A.100)

(A.101)

gbobodbboobobbuoobbbuoobboobibil s,k DODOOODODDOOOODO
0 mss®,mys* 00000 k3, 00000000000000000O0OOO0OO k0000

OD0000000 k000 m,s2,mesd,mys* 00000000

1
E(m2) = N@,

Hopooooooooooooon

> kin (Z:,)n = log ¥ (w)

n=1

oboooooboooobooboooobooooooboon

(A.102)

(A.97)

E(e) = k1,
E (€2> = K2+ ko,
E (63) fi? + k3 + 3K1K2,
E (64) = fi‘ll + kg + 4K1K3 + 6/@'%&2 + H%,
FE (65) = Ii? + K5 + br1kg + 10KkoKk3 + 10&%53 + 15,%1/{% + 1052/4;:1)’,
E (66) = Ii? + kg + 10&% + 6K1Kk5 + 15Kokg + 155% + 15&%%34 + 60Kk1K2K3 + 20/13,%:13 + 45%;%.%% + 15,%2/@"11,
oono

2
Ko = 0,

= K3,

ks + 10koK3,

¥)
F)
F) = k363 = (B + ),
’)
¥)

= kg + 15Kaky + 10K3 + 15k3

good
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E(sY) = ]i[/m + N2— 1%3 ~ ]1[ (/14 + 2/{3) , (A.103)
E(m3s®) = ]ifﬂgﬁ + ]\]9_1/€2/€4 + N9_ | 2+ = 16)](VN —5 Ky, (A.104)
E(mis®) = ]17/418 + ]\[1_615256 + ]\;1_8153/% + N?ﬁ 1/@21 + - ﬁg\] ) KoKy

=T = A0

0000000000000 ¢/Y/NOODDOODDO s//NOODODODOODOOOO

A22 OJO0O0OOOOOO

X(n),(n=1,...,N)OOODOOOOOOOOOODO0000000000E(X?) <000

Oo00ooooOoooon

m — E(m)
N~ 3o

O00Oo  NOOOOoOooooooooooootooooooooooooooooooon

HNERERE

(A.106)

mg =

00000 N:00000000000000000000000000000000000
0000000000000 (Shao, 2003; 00, 1976; 0 0,200) 0000000000000
gbobbogobbooobbbuooobbboobboooobbooobbbooobo
gobobooogn

0000000000 m 000O0ODO F,(x)D00COO0OO0OO

Fu ) = 8(0) + L Qu(a)ox)N (A.107)

ooooooooo
Qi(z) = J?%@L (A.108)
QM)I—Z%m—gm (A.109)

0000000 Hy(z) O kOO0 00000000 (Hermite polynomial) 2 Ok, O (X —p)/o
0 k000000000000000000000000000 N~Y20000

2opooooooo
Hi(z) = kHp_1(x) (A.110)
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0000000000000 00F,,(x)00000000000000000O0000O0O000
gobobooogboo

o« = Fn_%l(a) = 2o+ iql(za)N_%l, (A.111)

=1
@) = ~Qi() (A112)
Bl) = Q@R — 5r{Q@) - Q) (A113)

0000000 2,=%Ya) 0000

A3 OD0OO0OO0OOoOoOoo

000000000 (bootstrap method) 00000000000 OODODOOOEfron (1979) 0
000000000 (0000,2003)0000000000000000000000000
gbobboggbbbooobbooobobbooobbooobobooobbboooobon
gbbboodbbuooobbbooobbboooobboobbbooobbbuooobn
gbobobooogbbbuoooobbboooobboood

000000000000000000000000B F(z)0000CDF F(z)000000
00000000 F(x)0000000000000000 NOOOOOO X7,---, X5 (00
00000000)00000000000000000 Y*O000000X7,---,X,000

oboooooboobooooooboon

=1
‘/L.7

z? -1,

T

(=)

9

T

=

T

[\

z) = -3z,

w

xT

ot

T

[=2]

T

[

5
6

= 27 —212% 4+ 1052 — 105z,
8

x) = 2% —28z5+4 2102* — 42022 + 105

N N N N N N N N N
Il
8
i
|
=)
8
+
w

(
(
(
(
(z
(
(
(
(

0ooo
Bopoooo F(z) O

P 1 <
NEZ (A.114)

0000000000 MX(n)OOODOOUOOOODOOOO nO000D000000ODOO0OODS)ODOODDOODODOOO
oD/ooO0010000g0oooc oooDOon
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O00000F(x)00000O0ODODO0O0OOOO (DOD)0O0OOODODODODODOO NOOOO
oo

0000000Y 000000000000 EyY)000000000
B
B~ 53 (A.115)

Oo00o0000 By, 0goooooopooooOoCoooy0ooOoDoDOOOCODDOOOOd
gboopU0bO00bOobObOOobOo0obOoOobOoon

00Yy,,000000000000000000000O00000O0O0O0O0 (Halt, 1988)00 0
gbobbogobbuooobbbuooobbobuoobobboooboboooobbuooobon
gboobooboobobb3gbuooboo;ooboobuooboobooboodtgb
BC,0O0O0OO0OODOOOOOOOODO 100000 Y, 0000000 BaOOOOOODODO
ooboooooobooo«tboobooooboooooboboyyooooboobooobooo
gobooboboobooboooooeC,00boobooboobooboooboobobobooobooo
gbobboooobobboooobbn

0000000000000 000000000000000000000000000 €¢(n)

000000000000 en) 00000 e(n)DODOOOODOOOO
e(n) = an+b+e€(n)— (an+0b)

g: e(n (n - 2) S g: (n - 2) e(n) (A.116)

n=1

+
1
N

goboo

Ble(n)e(m)) = B (eln)e(m)) + 1 {E() + (N = 1))}

Lo S o M)t -

~2(B(@) + (N - )EXe))

N
(o) - Y s - )
e b s

0000000 6, 000000000000000r=m000 10 n#m000 000
00000 e(n) 0000

E (eZ(n)) = {1 - ]1[ - (n - N;LI) Snn}af (A.118)
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O0000000000e(n) 0 nODO0OO0DODO0OOO0ODO o 000000O00O0ODOOOOOO
000 r(n)
r(n) = e(n) (A.119)
V1= 1/N =551 {n— (N + 1)/2}?
0 ¢rn)00000000000000000r(r)0000000000000000000
00000 NOOOOOO e(1),--+,e(N)DO0O0DO0OO0J/ OODOO0OO0O0OOODOO o* 0O

N
a* =51 (n — N;—1> €*(n) (A.120)

nn
n=1

bodbeUObOOODDOODOOD EL*DX*(n)zfm+z)+e*(n)DDDDDDDDDD
gbobbooodn

_ g Z( N+1>X*( ) (A.121)

00000 J000000DO0OCOO0O0O0O0ODDOOCODOOOOO
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HRERERERE

B.1 0O0OOO

B.1.1 O0O0ddogd

000000000 (Binomial distribution) ' 0000000000000 00OO0OOOO

lim n! = v2rn" Y2 exp(—n) (B.1)

n—oo

0000000000 PDFO fr(x) DO0O0O0O n—ooO0OOOODODO

log fgi(x)

logn! —logz! —log(n — z)! + zlogp + (n — ) log q
1 1 1 1
—log(2m) + (n + ) logn —n — ~log(2m) — (3: + ) logz +
2 2 2 2
1 1
—210g(27r)—<n—x+2>log(n—x)+(n—m)+xlogp+(n—x)logq
1 1 1 n 1
—glog(Qﬂ) + <n+ 2) logn + <x+ 2) log; — (x+ 2) logn
1
+(n—x+2> log
1 1 n 1
~Zlog(2 Nlog (p2) = 21
5 og(2mn) + (:L’—l— 2) og (px) 5 108D

1 n 1
+(n—x+>log(q >—logq
2 n—ax 2

—; log(27npq) — (x + ;) log (;) — (n —z+ ;) log <nn_qx> (B.2)

1
— <n—x+> logn + xlogp + (n — x)logq
n—ax 2

00000000000 00000000 PDFOOO CDFOOOODO

n!

flz) = m?mq(n_m)7
ad !

F(z) = Zik!(n”; k)!pkq”_k
k=1

0000000 g¢=1-p0000

87



88 OOoB 00000

0000000 u=(x—np)/y/npg 000 « 0000000 (B.2)00O

1 1
) log(2mnpq) — (np + u\/npq + 2) log (1 + u, /5}9)

_ (nq —u PG+ ;) log (1 _ u\/nT;> (B.3)

0000000 log(l+2) 0000000

log(1+2)=2— ;xz + O(2®) (B.4)

000000 (B3)00

1 1
—5 log(2mnpq) — (np + u\/npq + 2) (u nqp - U2nqp + o(n—3/2))

_ (nq — u\/npq + ;) (u L O(n3/2)>

nq nq
= —; log(2mnpq) — u\/npq — ;qu — uy/npq — ;u2p +O(n~?) (B.5)
ooooooodgo
lim log fBi(x) = —; log(2mnpq) — ;U,Q (B.6)
ogooogao ,
iy i) = —=—exp (—; (ﬁ“)) (B.7)

guoddob p=np,o=npqg 0000

B.1.2 O0O0d0dodooogd

0000 - 00000000000000000000000O000 Az O

A(z) . f(;im) (B.8)
gobooood
U
Mz) = ar’? (B.9)

Oooooboobobg<l1boboobooooooooobooboobobOobOooDgp=10
ooooboobobooobooooodpg>10bb0b0b0obooboobobobobooo
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godd p
%F(:p) = f(z) = az® {1 - F(x)} (B.10)
O0000L< F(x) 1000000000000 OOOO
F(z)=1—exp <—gxﬁ> (B.11)
0000g— 40000
2\ b
F(z) =1 —exp (- ()) (B.12)
a

gooo

B.1.3 0000000

000000000 CDFOOOO0O (Gumbel, 1958,1963) 000 NOOOOOOOOOOO
000000000000 0ODO PDFOODO CDFO

fmax(2) N{F(z)}"" f(x), (B.13)
Foax(z) = {F(x)}V (B.14)

0000000 f(z),F(z) 00000000000 PDFOOO CDFOOO0O

NOOOOOODuwuwOOOoOoobOobooboo1ooobobowoboboooooobooo
NODODOO N{l-F(x)}0000 000000D000COCOO00O0O0OO

Fluy)=1- Jb (B.15)

gooo

000000000000 NODODOOOODDOODOO0DDOOCDEFD Fup(r) DOOOODOO
OO00OOoog CDhFO

Frax(z) = {Fop(a)}"
= {1 —exp(—Az)}Y
1 N
NA{l- FeXP(UN)}l
1

- {1 — 5 XP(=A( — uN))}N (B.16)

= [1-ewi-a




90 OOoB 00000

OoooogCbFO N —-ocoOOOQOoono

lim Fla(z) = exp(—exp(—A(z — uy))) (B.17)

N—oo

0000000 uy=a,A=1/000000000 CDF

exp (—exp (_xga)) (B.18)
goooooooooooooooogo

B.1.4 00000

000000000000000 »O00000000000 x*(v),

fﬁ@ﬂx):1)<§);%ump<—g) (B.19)

14
2

gboobobooboobod

X O N(0,1) (f(z) =1/V2rexp(—2?/2)) 000000 Y = X? 0000 PDFOOOO0
¢(zx)=2?000000000000

fr(y)dy = fx(z)de + fx(—v)de = 2fx(x)dz  (y = 0) (B-20)

0000dy=2xde 000 fy(y)2e =2fx(x) 000000000 yO PDFO

1
fr(y) = Ey’m exp (—‘3) (B.21)
Odddv=1000 .
Few(e) = = esp (=3 (B.22)

0000000000
y=nO0000000000000
o0
Femy * Heq) = Azww@—ﬂkmﬁﬂt
z —¢ 1 ¢
(x — )" 2 exp (—x ) t~2exp <—> dt
2/ o12T (%) 2

)

iwx——ﬂ"ﬂ*%*ﬂaﬁ
q0L

1
/0 on /2T (

2
exp (~
9(n+1)/2T (%

~— N8 ~—r
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bbb t=wr 0000

00 v=n+1000000000

B.1.5 +0O00O0OO

XO0O0OO0O0OOO0OO0YOoOOO vO000000XO0YOOOOooooooooo T

X
T = (B.23)
\VY/v
OPDFOOOOOO
XO0YyOOoOOoOooooOooooOoOoo PDFfxy(x,y)DO0O0DOOO PDFODO
1 x? 1 Y
_ i (v=2)/2 (_) B.24
x, ex ex .
xr(@,y) = 5= p( 2>2V/2F(g)y P35 (B.24)
O000y=2/v0000000 PDFfx z(t,u)0
O(z,y)
t =
fX,Z( 7u> fX,Y('ray> a(t’u)
Vi 5
= fX,Y(xay) 2V
0 v

= nyy(x,y)V\/ﬂ

1 t2u 1 () -2 ( 1 ) Ja
= —¢€X — | ————(Vu €exX —=VUu | V\yu
V2o P 2 ) ov/2p (%) A

v/2

v 1 t2
= D2 exp | —zv |14 — B.25
2(V+1)/2ﬁr (%>u Xp ( 2V ( ]/) U) ( )




92 OOoB 00000

000000000 fr(t)0

) = [ fealtwdu
Y 2

/ 0o 1 2
/ w2 exp [ —Zv 1+t— u | du
20+1)/2, /7T (g) 0 2 v

0000000 v=v(1+/v)u0000

fr(t) v ! / 02 ( “) d
= v exp | —= | dv
T 20+1)/2, /7T (g) {v(1+ 752/,/)}(u+1)/2 0 9
v/2
_ v/ 1 2(V+1)/2F<V;1)

20+1)/2, /7T (%) {v(1+ tZ/V)}(V+1)/2
pr/29w+1)/20 (VTH) 2 —(v+1)/2
20+1)/2, /7T (%) p(+1)/2 < )

14

1 2\
\/;B<§>§) v
ooond

B.1.6 rFogggnd
X,y ooooooooooo m,e0X2000000000000 Z

X/m
Z= Y/n

OPDFOOODOOO

X0YOOoOoooooooooooo PDF fyy(r,y) DO0OO0O0O00O0 PDFOO

Fortey) = 2rz ) (§>m/2_leXp <_926> zrl(g) (g)m—l exp (—‘3)

1
_ B MLTL S (_ZU + y)

2miml ()T (3) ’

SE

gooo

U=mY 000000000 PDF fzu(zu) O

0(z,y)
d(z,u)

fzu(z,u) = fxy(x,y)

(B.26)

(B.27)

(B.28)

(B.29)




B.2 0OO0O0O0O00O0O0O 93
B u/n z/n
= fxy(z,y) 0 1/m
u
= fxy(z,y)—
mn
1 (uz)m/2_1 (u)”/2_1 ( uz U ) U
= — — exp(—— — — | —
2(m+n)/2T (%)F(g) n m 2n 2m/) mn
= ! 22y mAE/271 oxep (_mz il nu) (B.30)
000000000 fu(z) O
fa(2) = [ frolzu)du
_ 1 Lm/2-1 /oo w21 oy (_mz + nu) du
9(m+n)/2T° (g) r (g) mn/2pm/2 0 mn
— 1 m/2—1 1 T (m + n)
9(m+n) /2] (g) I (%) i/ 2pm/2 {(mz + n)/(an)}(ern)/Llﬂ 9
mm/an/Q Zn/2—1
B (57 5) (mz+n)
HRERERE
B.2 0000O000O
B.2.1 0000000000 OO00OOOOOOO

(21) 000000000000 O00ODOO0O0ODOOO0ODOOO0ODOO0ODOOOODDOO

00
L=3 =3 [X(n)~ (an +0)}’ (B.32)
0o00000000ooo
gszz—zquxmy—@n+®}:a (B.33)
gé = =23 {X(n) - (an+b)} =0 (B.34)
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ob Loobooboobooboobuooboobo

N

S nx(n) = (SNan?)at (S)n)d

n=1 (B.35)
S X(n) = (SNyn)a+Nb
n=1
Ooooooooooo
al N+1
a = S;%Z(n—;) X(n), (B.36)
n=1
- 1 Y 1 .
b = —> X(n)—=(N+1)a (B.37)
N — 2
oooooOd
(2.1)000
N 1 N
ZX@)zéNW+UwH%+de, (B.38)
n=1 n=1
> nX(n) = 6N(N +1)2N +1)a + §N(N +1)b+ > ne(n) (B.39)
n=1 n=1
oooooOd
N+1
+S,mZ( - >e(n) (B.40)
00000000000 000000 o0
al N+1
d=da—-a=S5,! (n—i) e(n) (B.41)
n=1

gooo

DDDDDzLJn—%ﬂmDDDDDDDDDDmDDDDDDDDDDDNDDDDD
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NODOoOoOD

_ 0 (B.43)

gobooNOOobooobobboboobmmOobOoobDOO

ﬁ:ln = NN +1)/2

ivjlrﬂ = N(N+1)(2N+1)/6

i:lni‘ = N?*(N+1)*/4

ivjln“ = N@2N +1)(3N®+6N?+2N —1)/30

in"’ = NN +1)2(2N? 4+ 2N — 1)/12

inﬁ = N(N+1)(2N + 1)(3N* 4+ 6N? — 3N +1)/42

0oo0o0o0oo

é@_N;l)z - 112N(N+1)<N—1) (B.44)
nil(n_N;lf - ZL)N(N“)(N—U(?’NQ—U (B.45)
i (n— N;l)ﬁ = 13144N(N+1)(N—1)(3N4—18N2+31) (B.46)

gooo

a,d? a3 d* 000000000

Bd) = E(S;,ii(n—z) e<n>)

= 0 (B.47)
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(B.48)

N+1
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B35 (- X5 (- ) e

%35 (1= ) o= 2 ot

W58 5 (-2 (o ) (- 25 o
o e S [ SIS

e(n)e(m)e(l)e(k))

1 2{N(N—|—1)(N—1) B <n_N+1)2}E2 (62>

N N N+1 N+1 N+1 N+1
25 (25 (- (- e )
1 m#n

22 3 (- (- ) -4

N +1 N +1 N +1
<n— il +m i il >E4(e)}

_6i<n_zv2+1>2{ (N+3(N—1) _Q(H_JT)Z}E(EQ)EQ(G)

g%;%; <n_N;—1> <m_N;r1>{N(N+3(N_1)
. n_NQH)Q_(m_N;l)Q‘(”‘NQHW‘NQH)Z}E%)}

4

5t |32 (0= 250) {8 (@) - 387 (@) - 18 (%) B o)
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OOoB 00000

gooo

- S N D)

+3{N(N +1)(N —1) }2E2 (&) =5 {N(N+3(N - 1)}2E (&) B (o

—|—12§:<n—N;1> E (€?) E*(e)
_g<n_ N+1> {_N(N+1)(N—1) (n_]\m) +2<n—N+1)3
—~ 2 12 2 2
_2(n_N;1> N(N+2(N—1)_<R_N;1>z>
+2 (n— N;1>3}E4(e)]
54 Livjl (n— N;1>4{E(e4> —3E% (&) — 4B (&) E (e) + 12E (&) E* (¢)}
N
i N+1

—3E% (&) +6E ()’ B (¢) - 3E" (e)}

+3{N(N+1)(N— 1)} {E2 (62) _9E (62) E2 (6)+E4(6)}]

5t | (0 2570) {E (- 01 -3 (5(2) - 2 0)')

—2 2 2\ |3 3N? -7 E<{€_E(€)}4)
S B ({G_E(e)}>[5N(N+1)(N—1){ " E(e) _3}+3

3 3N? -7

Bae + 3} (B.50)
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